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Abstract

In the thermal entrance region, a thermal boundary
layer develops and also reaches the circular tube cen-
ter. The fully developed region is the zone in which
the flow is both hydrodynamically and thermally de-
veloped. The heat flux will be higher near the inlet
because the heat transfer coefficient is highest at the
tube inlet where the thickness of the thermal bound-
ary layer is zero, and decreases gradually to the fully
developed value. In this paper, the assumptions im-
plicit in Leveque's approximation are re-examined,
and the analytical solution of the problem with ad-
ditional boundary conditions, for the temperature
field and the boundary layer thickness through the
long tube is presented. By defining a similarity vari-
able, the governing equations are reduced to a di-
mensionless equation with an analytic solution in
the entrance region. This report gives justification
for the similarity variable via scaling analysis, de-
tails the process of converting to a similarity form,

and presents a similarity solution. The analytical
solutions are then checked against numerical solu-
tion programming by Fortran code obtained via us-
ing Runge-Kutta fourth order (RK4) method. Finally,
others important thermal results obtained from this
analysis, such as; approximate Nusselt number in
the thermal entrance region was discussed in detail.
Keywords: Thermal entrance region, Thermal bound-
ary layer, Dimensionless variables, Temperature,
Nusselt number, Runge-Kutta method.

Resumen

En la region de entrada térmica, se desarrolla una
capa limite térmica y también alcanza el centro del
tubo circular. La regién completamente desarrollada
es la zona en la que el flujo se desarrolla tanto hi-
drodindmica como térmicamente. El flujo de calor
sera mayor cerca de la entrada porque el coeficiente
de transferencia de calor es mas alto en la entrada
del tubo donde el espesor de la capa limite térmica
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es cero y disminuye gradualmente hasta el valor com-
pletamente desarrollado. En este trabajo, se vuelven a
examinar las suposiciones implicitas en la aproxima-
cién de Leveque, y se presenta la solucién analitica del
problema con condiciones de contorno adicionales,
para el campo de temperatura y el espesor de la capa
[imite a través del tubo largo. Al definir una variable
de similitud, las ecuaciones gobernantes se reducen a
una ecuacion adimensional con una solucién analitica
en la region de entrada. Este informe proporciona una
justificacion para la variable de similitud a través del
analisis de escalamiento, detalla el proceso de conver-
sién a una forma de similitud y presenta una solucién
de similitud. Las soluciones analiticas se verifican luego
contra la programacion de soluciones numéricas me-
diante el cédigo de Fortran obtenido mediante el méto-
do de cuarto orden (RK4) de Runge-Kutta. Finalmente,
otros resultados térmicos importantes obtenidos de este
analisis, como; el nimero aproximado de Nusselt en la
region de entrada térmica se discutié en detalle.
Palabras clave: Region de entrada térmica, capa limite
térmica, variables sin dimensién, temperatura, nimero
de Nusselt, método de Runge-Kutta.

Resumo

Na regido da entrada térmica, desenvolve-se uma ca-
mada limite térmica e também alcanca o centro do tubo
circular. A regido totalmente desenvolvida é a zona em
que o fluxo é hidrodindmico e termicamente desenvol-
vido. O fluxo de calor sera maior perto da entrada por-
que o coeficiente de transferéncia de calor é mais alto
na entrada do tubo onde a espessura da camada limi-
te térmica é zero e diminui gradualmente para o valor
totalmente desenvolvido. Neste artigo, os pressupostos
implicitos na aproximagao de Leveque sdo reexamina-
dos e a solugdo analitica do problema com condigoes
de contorno adicionais, para o campo de temperatura
e a espessura da camada limite através do tubo longo
é apresentada. Ao definir uma variavel de similaridade,
as equagdes governantes sao reduzidas a uma equagao
sem dimensdo com uma solugdo analitica na regido de

entrada. Este relatério fornece justificativa para a varia-
vel de similaridade através da andlise de escala, detalha
o processo de conversdo para uma forma de similari-
dade e apresenta uma solucdo de similaridade. As so-
lugdes analiticas sdo entdo verificadas em relacdo a
programagao de solugdo numérica pelo cédigo Fortran
obtido através do método Runge-Kutta de quarta ordem
(RK4). Finalmente, outros resultados térmicos importan-
tes obtidos a partir desta analise, tais como; O nimero
aproximado de Nusselt na regido de entrada térmica foi
discutido em detalhes.

Palavras-chaves: Regido de entrada térmica, camada
limite térmica, varidveis sem dimensdes, temperatura,
nimero Nusselt, método Runge-Kutta.

Introduction

In most of heat transfer investigations and in prac-
tically convective heat transfer experimental wor-
ks, heat transfer in a thermally developing laminar
flow in circular tubes and channels has been ad-
dressed by several authors. The literature research
shows that the particular models for predicting
heat in the combined inlet region are in the case of
a circular tube by Baehr and Stephan (1998) and
Stephan (1959) in the case of a parallel plate chan-
nel. For the rectangular channel, empirical formu-
las have been developed by Garimella et al. (2000)
while numerical data for the polygonal conduits
were obtained by Asako et al. (1988). Shah and
London (1978), Kakac et al. (1987), Ebadian and
Dong (1998) and Kakac and Yener (1983) carried
out complementary work on a rectangular, circu-
lar, triangular and parallel plate channel. Hausen
(1943) developed a model to study the Graetz pro-
blem inside a circular tube. Churchill and Ozoe
(1973a and 1973b) proposed simple models to de-
velop flux in a circular duct. With the fully deve-
loped asymptote, and for the thermal input region.
The Leveque solution was combined by Churchi-
[l 'and Ozoe (1973a and 1973b). For the Graetz

5 La importancia de los modelos en la generacién del conocimiento cientifico ha sido puesta de manifiesto muchas veces de forma explicita
por los propios cientificos; por ejemplo, Pauling, Watson y Crick, entre otros (Acevedo-Diaz y Garcia-Carmona, 2016; 2017).
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problem, and in order to predict the thermal cha-
racteristics in an arbitrary form of the tube, models
have been developed by Yilmaz and Cihan (1993
and 1995). These two authors developed models
for uniform wall flow conditions (H) and a uni-
form wall temperature (T) to predict the fully de-
veloped Nusselt number. These models have been
combined with these models with the generalized
Leveque solution so that the input offers an appro-
ved model along the length of the tube. Two di-
fferent problems must be taken into consideration
in the input region near the tube inlet. The first as-
sumes the presence of a fully developed hydrody-
namic boundary layer, while the other considers
the more general problem containing hydrodyna-
mic and thermal boundary layers that have deve-
loped. By using the Leveque approximation for the
input region, approximate solutions are revealed
useful. We can join that the velocity gradient is li-
near in the thermal entrance region of non-circu-
lar tubes in which the thermal boundary layer is
thin and presumed to be evolving. Belhocine and
Wan Omar (2015), Belhocine (2016) investigated
the convective heat transfer and flow fluid inside
a horizontal circular tube in the fully-developed
laminar flow regime under the constant wall tem-
perature boundary condition, is commonly called
the Graetz Problem that our goal is to get the
steady temperature distribution in the fluid. Belho-
cine and Wan Omar (2017) developed an exact
solution to the classical Graetz problem in terms of
an infinite hypergeometric series represented by a
nonlinear partial differential equation considering
two space variables, two boundary conditions, and
one initial condition.

The purpose of this paper is to present an
analytical solution to the Leveque approximation
problem (boundary layer approach) which is ba-
sed on a few assumptions for a fully developed
laminar fluid flow inside a circular tube. The me-
thodology for the resolution of the problem is ba-
sed on the use of the self similar technique. This
technique is based on the observation that a lot
of problems admit solutions with a shape which
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looks like always the same. Our main objective
is to find the dimensionless temperature field and
the thickness of the thermal boundary layer in the
vicinity of the entrance region of the tube. Several
steps have been discussed here on the governing
equation of the temperature field to reach the so-
lution such that; the non-dimensionalization and
the use similarity variables, the transform the par-
tial differential equation to an ordinary differential
equation. Summarization of the boundary condi-
tions and the integration of the equation. We then
compare the exact approximate solution of the le-
veque problem with the numerical results using a
Runge-Kutta fourth order (RK4) algorithm imple-
mented by the Fortran code. The profiles of the so-
lutions are provided from which we infer that the
numerical and exact solutions agreed very well.
Another result that we obtained from this study is
the number of Nusselt in the thermal entrance re-
gion to which a parametric study was carried out
and discussed well for the impact of the scientific
contribution.

The heat equation in cylindrical coordinates
The general equation for heat transfer in cylindrical

coordinates developed by Bird, Stewart, and Light-
foot (1960) is as follows;

T 6T Uy 8T 67 62T 0T
pcf’[az et 257 ] ’{ r2 FroMrTa
+
aw Y [1fou, [ (2], (00, 10w, ) (00 0w
o | P B = T oz oz r o0 ar oz
+

a 2
10ur, 9| U
{r 00 * ar( r j:l (M

The Graetz-Poiseuille flow problem
The Graetz problem is the problem of determining
the steady-state temperature field in a fluid flowing

in a circular tube when the wall of the tube is held
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at a uniform temperature and the fluid enters the
tube at a different uniform temperature. The fluid
enters the tube at a temperature T, and encounters
a wall temperature at Tw, which can be larger or
smaller than T . The Graetz problem considers the
thermal entry of an incompressible fluid in a circu-
lar tube with a fixed velocity profile. The situation
is illustrated in figure 1.

R |
Lo @]

T{R)=T.
Figure 1. Illustration of Graetz problem.

A
Fluid at

7 i

After some hydrodynamic entry length, the ve-
locity profile approaches a steady profile; that is, it
ceases to change the downstream position. A fully
developed parabolic velocity profile is established
in a circular duct and remains unchanged over the
length of the duct. There is a sudden jump in the
wall temperature, and the fluid temperature is ini-
tially uniform at the upstream wall temperature.
The thermal entry problem is to determine the be-
havior temperature profile as it changes to be uni-
form at the downstream wall temperature. Because
the flow is incompressible, the velocity distribution
does not depend on the varying temperatures.

1. The flow is steady, laminar and fully developed
flow (Re < 2400)

2. Constant physical properties would also be
and would not vary with temperature such as
p, M, Cp, k. This assumption also implies in-
compressible Newtonian flow.

3. Axisymmetric temperature field (75 =0),

4. Negligible viscous dissipation

5. For a fully developed hydrodynamic boundary

layer, namely Hagen Poiseuille flow, the velo-
city profile is:

Where u, is the maximum velocity existing at
the centerline, u,=0, and u,=.0.

p 2
Uy =vy| 1= R 2)
The energy equation is subject to the assump-
tions mentioned above, Eq. (1) can be written as
follows:

where a = k,.-"p(?p is the thermal diffusivi-
ty of the fluid and, our problem is subjected to
the following boundary conditions: at the inlet
of the tube T(r,0) = T, ; at the wall of the tube
T(R,z) = T,, and at the centerline T(0,z) is finite
ar
or — (0,z) =0,

e
RE

B ( ST)
5‘2_a Tﬁr

;BT

aT 1d
dz*

T
i e

A suitable set of nondimentional variables is gi-
ven as:

([ T-T,
f=— @
TI}_Tc..I
I
{v=1
R
_ Z
L RPe

]

. R
where the Péclet Number Pe = .

After replacement of these variables, the non-
dimentional energy equation and the boundary
conditions applied to the system will take the fo-

a6

llowing form:
F'_
(v59)+

a6
6(v,0)=1,8(1,2)=0, 7 ©0D=0 ©

1 3@
Pelgz?

14

.. 06
(1-vH)— =

“4)
dZ Yay

It is apparent that as the Péclet number (Pe)
increases, the effect of the axial diffusion is
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significantly diminished. The boundary layer as-
sumptions call for neglecting the axial diffu-
sion altogether, yielding the following governing

equation:
(v5)

This is a linear equation whose solution can be
determined by the method of separation of varia-
bles. This method yields an infinite hypergeometric
series solution for the scaled temperature field:

14

d8

.. 96
I —
( ) o

dZ Yay

(6)

oo

6(Y,2) =Z C.e B G (V)

n=1

(7)

Where £, are the eigenvalues and G, (¥), are
the eigenfunctions of a proper Sturm-Liouville sys-
tem. The coefficients C,, can be obtained by using
the orthogonality property of the eigenfunctions
defined as follows:

~ [} 6, (V)Y(1—YHdy

T

- f; G2(V)Y(1—v3)dy

The Lévéque Approximation

For all values of the axial position, the orthogonal
function expansion solution obtained in the reso-
lution of the classical Graetz problem is quite con-
vergent, but the convergence is very slow as soon
as one approaches the input tube. Indeed, for very
long values of Z, the factor e 2% has become con-
verged. Lévéque (1969) observed the thermal input
region in a circular tube and developed a periodic
solution, which is useful precisely where the ex-
pansion of the orthogonal function converges too
slowly (figure 2).

We will presently develop the Lévéque solution
based on the hypothesis that the thickness of the
thermal boundary layer§, << R. This assumption
leads to the following reductions:

In the radial conduction term, the curvatu-

re effects can be neglected. Thus, derivative

18 ary . . 18 ar arr
('r ;} is approximated by P (R ;} =

rar e

Since we have been captivated that by the ve-
locity distribution in the thermal boundary la-
yer, the velocity field is developed in a Taylor
series in the distance measured from the tube
wall and if we keep the first non-zero term.

If we set x=R-r, the speed distribution will take
the following form:
) = v, (2

We know that the boundary conditions outside
the thermal boundary layer are those of the fluid en-
tering the tube, we will use the boundary condition
T(x — o0) — T, instead of the centerline boundary
condition used to arrive at the Graetz solution.

-
2

(R —x)°
RZ

x
R R?

v (r) = v, (1 - ) ~ zv(,% 9)

\ R
Fluid at ¥ ()
T a /:/ 5:
T{R1)=T.

Figure 2. Schematics of the Lévéque problem and the
coordinate system.

Governing Lévéque’s Equation

Starting from the reduced energy equation whose
axial conduction has been neglected yet, and con-
sidering the said hypotheses, for the temperature
field, we obtain the following governing equation

T

dx?

xﬂT_

-7 - (10)
vDR dz

We have used the chain rule in order to trans-
form the second derivative in r into a secondary
derivative of x.
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2% dé
dZ

3%g
- 9x?

Boundary Conditions

The temperature field T(x, z),is subject to the fo-
llowing boundary conditions.

(T(x,0)=T,
{T(0,z)=T,

T(o0,z) =T,
\

Non-Dimensionalization

Now, we will use dimensionless variables for the
simplification of the equation. For this, we introdu-
ce the temperature and the axial coordinate of the
following forms

_T-T,

g=__"w
TD_TC..I

(12)

The scaled governing equation from the wall
via X=x/R and the boundary conditions are given
as follows

oy df
dZ

3%g
- ax?

(13)

8(x,0) =1
6(0,Z) =0

B(c0,Z)=1

Analytical Methodology for Problem Solving:
Temperature Field and Thermal Boundary Layer

At the current problem, we are looking for a si-
milarity solution for the temperature field, we
assume, B(X,Z)=F(n), wheren=X/8(Z)

is the similarity variable and &§(Z) is an unk-
nown variable that draws the thickness of the
scaled thermal boundary layer. Using the chain
rule, we will perform the following necessary
transformations.

aa_andp_( Xdé’)dF_ ndé dF
8z 8Zdg \ 6%dz/dn  §dZdp
96 dndF 1dF )
X 8Xdn &dn

8% a1 dF) 19 [dF] 138y d [dF]_ 1d°F
m—a[ﬁd—n]—ga[ﬁ—ﬁﬁa[ﬁ—ﬁﬁ (16)

When we use these results, the partial differen-
tial equation for 0 (X, Z), is converted to an ordi-
nary differential equation for F{)

(%)

We put the term in parentheses (&2 :—) a cons-
tant is equal to 3/2 because it is certain that the si-
milarity hypothesis will fail unless this quantity is
required to be independent of Z. Finally, we obtain
an ordinary differential equation for F(#1) and ano-
ther for Z(&).

d’F

o (5290
dn?

dZ

-
o

(17)

dF—IZI
d’r;_

2n

d*F dF
32— =0 (18)
dn? +3n dn
df 3
5229 _2 (19)
dZ 2

In order to derive the boundary conditions of
these functions, it is enough to go to the limiting
conditions on 8(X, Z). We notice that 8(0,Z) = 0
which implies F(0)=0 and #(o0,Z) = 1 which
leads to F(oo) = 1. The residual condition (input)
gives us

X
8(x,0) = F( (20)

)
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By favoring &§(0) = 0, this condition collap-
ses into the condition F(=) = 1 obtained already
from the boundary condition on the scaled tempe-
rature field as X = oo. By synthesizing the boundary
conditions on F(7) and §(Z), we obtain:

F(0)=0, F(o0) =1 and 8(0) =0

From the equation, we can write

d?F
& _
dF
dn

_3,?2

By integrating the two terms of the obtained
equation

dF
dn? , ,
jﬁdr;——fBr; dn (22)
o
We arrive at the following expression
dF 3
— | = —p3 = -
In [dn] n3+k=mn[Ce™] (23)

Where k and C are constants of the integral. By
analogy, the following is drawn

(24)

Finally, the solution of the equation will take the
following expression:
e dn

n
F(n) = C f 25)

0

The function F(11) checks the initial condi-
tion for n = 0,F(0) = 0, and also considers the
boundary condition for = @, F(00) = 1; which
implies

Foo) = 1= cj e~ dn 26)
0
From where
C o 1
= 27)
So
e dn
F(n)=-"%— (28)
Jo e™dn

The scaled boundary layer thickness §(Z) is
calculated by the integration, which gives the fo-
llowing solution

1/3

5(2) = Gz) 29)

Finally, the solution of our differential equation
takes the following form

[le™ dy
Joear

F(n) =

Where I'(x) is the Gamma function (Abra-
mowitz and Stegun, 1965), a Matlab code was
used to approximate the values of the integral and
the function F(n) for each abscissa 1.

Resolution of the problem using the Runge-Kutta
4th order method

The original ODE of our problem is defined as
follows:

WithH:U,F(U):Uandj—;(D)iﬂ

Revista Cientifica ® ISSN 0124-2253 o e-ISSN 2344-8350 e January-April ® Bogotid-Colombia ¢ No. 31(1)  pp. 6-18

[12]



Similarity solution and Runge Kutta method to a thermal boundary layer model at the entrance region of a circular tube: The Lévéque Approximation

BeLHOCINE, A, AND OMAR, W.Z. W

However, we wish to use the 4th order Run-
ge-Kutta method, so | have the system:

.
dF_P
dn

dP

—3n?P
dn n

\

With F(0) = 0 and P(0) = 1. Now, we know
that for two general 1st order ODE'’s

dy
a—f(x;yxz)

(33)

dz_
dx - 9(3’5:3’;3)

The 4th order Runge-Kutta formula’s for a sys-
tem of 2 ODE’s are:
Vitr =¥ + (ko + 2ky + 2k + k3) /6

(34)
Zigq1 — Zj + (Iﬂ + ZI]_ + ZIZ + Ig}fﬁ

Where

(ko = hf (xp,y1, 20)

R ke
< ki = hf(x; +E;J’i +?;21‘ +E)
R kL

ks = hf (x; +E;Jﬁ' +?;21‘ +E)

\ka =hf (i +hy +ka oz +13)

lo = hg(x;,y:,2;)

h ke
< Ly = hg(x, Ttz +E)
R ok, L

l; = hg(x, Tt +E}

kla =hg(x; +hy +kp,z; +13)

We typically need some inputs for the algorithm:
e A range that we want to do the calculations
over: a<t<hb, let’s use a=0, b=1
The number of steps N, say N=10
The step size h=(b—a)/N=1/10=0.1

The flowchart for the above process is shown

in figure 3.

Set initial vabies

forx,yand =
input M, a b

h=(b-alV
steps size

Hawve
wre calmilated for
the last internal?

first
approximation
second
slop approxmation
2 third
—> slop approcimation

Ky = R Ry + Ry

fomrth
la=hg(xy+ hoyy + k.5 +13) slop approsdmation
¥
Yer =¥ (ko + 20y + 2k + K3) /6

Fay = FF o+ 20 + 25+ 13)/6

Calmlate (3 21 for mesct itevatiom

Figure 3. Flowchart of the RK-4 method for resolving
the second ODE's systems.

The main program is written in Fortran langua-
ge to solve the Leveque approximation containing
a system of two differential equations of order 1
using the fourth-order Runge Kutta method RK04.
This program relies on a definition of two functions
whose subroutine RK04 is called at each repetition
of the loop that intervenes in the calculations. The
code edited in the machine that was executed is
illustrated in detail in figure 4.
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intoger. parsmeter :: SIZE = 100 Z = 1.7 where it stabilizes at a constant value 0.79
real®s X(SIZE).Y(SIZE).Z(SIZE) . .
fgg;grxédﬂ b 1 along the tube until the outlet of the fluid stream. In
use ust window size. . . '
x0-0.a0 " lstarting x the same figure, the derivative function < which is
b4 lending = .
he(xl-x0) /Kl |intecration ciep physically interpreted as the variation of the thermal
X(0)=x0
¥(0)=0.d0: 7(0)=0.83293687d0 Istarting values transfer coefficient (h) indicated in blue color which
dlni g:aﬁ:on loop
I _ ALl RKECK (). Y00 200 R X (k1) ¥ (k1) Z0641)) is a solution of our system of differential equation
I el e by the Runge Kutta method decreases exceptiona-
print = ' estina estimate -
B % T Tosalt Tims [ly as it moves away from the inlet region and then
do k=0. kl . .
rAte(x.10) X(k). Y(k). Z(k) reaches the value zero on the abscissa Z = 1.6 until
end do
t o= N . . . .
§i§§z b the exit of the flow. Figure 5 indicates that the pre-
g ot (F2 4. F12.7.F15.7) sent analytical results are in good agreement with
'V —z . . .
re:;;?'gu:c;.\cn Flx.y.2) the numerical results and theoretical analysis cal-
return culated using a fourth order Runge Kutta method.
L;;II§“§3nmm G(x.9.2) However, with RKO4 approach, the method provi-
realed x. y.= . .
I Ge - 3duancnz des an extremely accurate approximation.
-'Inlr—-grnta- sytemn from x to x+h using Runge—HKutta
R R L S ey Table 1. Results of the exact and the numerical solution.
real#d cl.c2.c3.c4. d!. d2 d3.d4. . h2.F.G
SiTE(E YD
3o (xth?. y+h2wcl. z+h2edl) ) Numerical solution via fourth-
E3E(ths. yrhowe? Zihowd?) Exact analytical order ]
d3iS¢uth2 yrh2uc? aih2ed2) solution Runge-Kutta (RK4) method using a
ii:g£§+h.y+h-c3.z+h“d3) Fortran Code
'ﬁ:i’fﬁ:gﬂig 'q0md51s domaasad) e d0 n F() = 06X, Z) X Y estimated Z estimated
[End

0 0 0.0000 0.0000000 0.8929367
0.1 0.08927136  0.1000 0.0892714 0.8920442
0.2 0.17823109  0.2000 0.1782309 0.8858217
order differential equations. 0.3 0.26608715  0.3000 0.2660866 0.8691499

0.4 035156264  0.4000 0.3515626 0.8375790

0.5 0.43300027  0.5000 0.4329998 0.7880137

RESULTANTS and DISCUSSIONS 0.6 0.50853023  0.6000 0.5085291 0.7194705
0.7 057631574  0.7000 0.5763146 0.6336619
0.8 0.63483615  0.8000 0.6348343 0.5351335

Figure 4. Fortran code of Runge Kutta for set of first

Comparison between the analytical and the nu- 0.9 068314582  0.9000 0.6831438 0.4307465
merical results 1 0.72105634  1.0000 0.7210538 0.3284985
1.1 0.74916957  1.1000 0.7491656 0.2359384

1.2 0.76875346  1.2000 0.7687482 0.1586460

Analytical and numerical results that describe so- 1.3 0.78149478  1.3000 0.7814872 0.0992794
. . S ; 14 0.78918921 1.4000 0.7891808 0.0574867
luthns WIth both methods in this analysis are sum- 15 079347888 15000 07934697 00306289
marized in table 1. 1.6 0.79567283  1.6000 0.7956641 0.0149366
Figure 5 shows a comparison between the re- 1.7 0.79669613  1.7000 0.7966892 0.0066372

: . : 1.8 0.79712921 1.8000 0.7971242 0.0026785
solution results of the equation predicted by the 1.9 07972944 1.9000 0.7972914 0.0009805
analytical method and the numerical data deri- 2 0.79735155  2.0000 0.7973494 0.0003264

df the Fort de. the t s of Its of 2.1 0.79736852  2.1000 0.7973676 0.0000995
ved from the Fortran code, the two sets Of results o 2.2 0.79737298  2.2000 0.7973729 0.0000283

which are plotted in the same figure. On the basis of 2.3 079737387  2.3000 0.7973742 0.0000077
2.4 0.79737387  2.4000 0.7973746 0.0000021

figure 5, it can be seen that the two curves are fair- 25 079737477  2.5000 0.7973747 0.0000006
ly identical, while observing that the dimensionless 2.6 0.79737477  2.6000 0.7973747 0.0000002
: 2.7 079737477  2.7000 0.7973747 0.0000001

m
te perat.ure 8 gradually and gradually mcreases'to 58 099737477 28000 07973747 00000000
the abscissa Z = 0.7, then loops and arches a litt- 2.9 0.79737477  2.9000 0.7973747 0.0000000
le, by varying its path until it reaches the position 3 079737477  3.0000 0.7973747 0.0000000

Revista Cientifica ® ISSN 0124-2253 o e-ISSN 2344-8350 e January-April ® Bogotid-Colombia ¢ No. 31(1)  pp. 6-18
[14]



Similarity solution and Runge Kutta method to a thermal boundary layer model at the entrance region of a circular tube: The Lévéque Approximation

BeLHOCINE, A, AND OMAR, W.Z. W

IR
—— Fiwj (RE 4}
—h— dF/dnEK4)

I casiondoss fanprhare 05 -

Sk

FArary 111'; PRy ad

&2

T _.:~

=3 - ]_:u_u
Similarity variable 2"

Figure 5. Comparison of exact and fourth-order Runge
Kutta (RK4) numerical solutions.
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Figure 6. Thermal boundary layer thickness distribution
by analytical method.

Figure 6 depicts variation of thermal boun-
dary layer thickness with axial position. The thic-
kness of the boundary layer gradually elongates
from zero moving in the direction of the flow of
the fluid when the fluid enters the tube and even-
tually leads to the center of the tube and invades
the whole of the pipe. The wall shear stress is the
highest at the pipe inlet where the thickness of
the boundary layer is smallest, and decreases gra-
dually to the fully developed value. Therefore, the
pressure drop is higher in the entrance regions of
a pipe, and the effect of the entrance region is
always to increase the average friction factor for

the entire pipe. This increase may be significant
for short pipes, but is negligible for long ones. It
can be seen that directly at the wall is a thin layer
where the velocity is considerably lower than it
is at some distance from the wall. The thickness
of this layer increases along the tube from front
to back. The fluid velocity in a pipe changes from
zero at the wall because of the no-slip condition
to a maximum at the pipe center.

The heat transfer coefficient

Depending on the axial position, the heat flux from
the wall to the fluid, we can calculate it directly
using the following formula:

(]—kaTE (35)
2,(2) = ko (R.2)

By usual notation, we define the heat transfer
coefficient h (z) as follows:

q.,(z) = h(2)(T, —T,) (36)

Where T, is the bulk or cup-mixing average
temperature. The mathematical definition of the
bulk average temperature is given by the following
expression:

_ _r; 2arV(r)T(r,z)dr 37)

g f: 2arV(r)dr

Where V(r) = v,(1 —r*/R*) is the velocity
field. The heat transfer coefficient is related to the
temperature gradient at the tube wall, we can esti-
mate it as follows:

ar
k- (R, 2)

h(z] N (Tn_l - b:]

(38)

We can define the Nusselt number as a dimen-
sionless heat transfer coefficient.
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2hR
Nu(Z] = T =

) % (1.2)
8, (Z)

39)

Where 8, is the dimensionless bulk average
temperature

When the thermal boundary layer is thin in the
thermal entrance region, the average bulk tempe-
rature Tb can be approximated by the temperature
of the fluid entering the tube TO.

As a result, the heat transfer coefficient in this
input region is defined as:

ar
q, =k—(R,z) =h(T_,—T,) (40)
dr

Changing into dimensionless variables and de-
fining a Nusselt number Nu=2hR/k we can write
the following:

2 dF

5(2) o (0) (41)

a8
Nu(Z) =2--(0,2) =

aF

By substituting §(Z) and 5, (0), the approximate
Nusselt number obtained in the thermal entrance
region is given by the following form.

)

=

1/3

Nu(Z) %~ 1.357 Pe'/® ( 42)

By comparing with the exact solution, we can
draw that this result is a good approximation in the
range:

Pe
= —
50

=

R

Pe
=

= (43)
2500

®)

Figure 7 exhibits the Nusselt number versus
axial distance, Z obtained in the thermal entran-
ce region, for different Reynolds numbers. As ex-
pected, the Nusselt number, Nu(Z), enhances by
increasing the tube radius, and that this effect
is magnified near the entrance. When Z is grea-
ter than a certaine distance all the plots become

nearly flat, indicating a thermally fully-develo-
ped condition. Indeed, when fluid enters the tube
with tube walls at a different temperature from the
fluid temperature, thermal boundary layer starts
growing. After some distance downstream (thermal
entry length) thermallyfully developed condition is
eventually reached.

Missdil Mundur Ax

Dimcaakmaloan azial cansrdiaace T

Figure 7. Nusselt number in the thermal entrance
region versus axial position for different tube radius.

Figure 8 shows the effect of the Péclet number
on the Nusselt number at a various axial distan-
ce. It's clearly seen, the Nusselt number increa-
ses with the increasing Péclet number. As can be
seen, the Péclet number has a much more pro-
nounced effect on the Nusselt values for positions
near the tube entrance. However the curve exhi-
bits the same overall behavior-larger Nu at small
Z and more or less constant value of large Z. It
is evident that the local Nusselt number decrea-
sed in the entry region as the thermal boundary
layer developed. It reached a constant value inde-
pendent of heat flux and Reynolds number in the
thermally fully developed region. Hence, the heat
transfer coefficient (h) is infinite in the beginning
(boundary layers just building up), then decays ex-
ponentially to a constant value when flow is fu-
lly developed (thermally) and thereafter remains
constant. The results show that the value of the
Nusselt number starts high and decrease rapidly
along the length of the tube.
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Figure 8. Nusselt number in the thermal entrance
region versus axial position with various Peclet
numbers

Conclusions

This paper presented an analytical and numerical
solution to the Leveque approximation problem in
order to predict the temperature field and boundary
layer thickness at thermal entrance fully develo-
ped region through a circular tube with boundary
condition at the axial coordinate origin. The exact
solution methodology was based on the similarity
variable and the generalized integral transform tech-
nique while the numerical approach is based on the
fourth-order Runge Kutta technique for a linear sys-
tem of ordinary two-variable differential equations
programmed in Visual Fortran v5.0. The solution
method was verified to lead to converging values
which are in accordance with physically expected
results. After demonstrating the convergence of the
solution, the Nusselt number distribution of different
Péclet values was analyzed, and the results are also
in accordance with expected literature values. As fi-
nal comments one should mention that the same
solution procedure can be used for any dynamica-
[ly developed velocity profile, as it occurs in many
other occasions. Also, the methodology can be ea-
sily extended to other configurations such as other
channel geometries, different wall heating condi-
tions, and vicious and other flow heating effects.
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