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Abstract

Context: Quantum many-body systems have been a prominent topic over
the past two decades, underpinning advancements in superconductors,
ultracold atoms, and quantum computing, among other fields. This
bibliometric analysis explores key concepts, influential authors, and the
current significance of a powerful family of algorithms in computational
physics, i.e., density matrix renormalization group (DMRG) algorithms.
Special emphasis is placed on the use of tensor product states in developing
classical simulations of quantum systems.

Method: This paper presents a literature review sourced from the SCOPUS
database. It analyzes trends and approaches related to uncertainty in
numerical developments for quantum many-body systems, with a focus on
the Bose-Hubbard Model, in order to better understand the imposition of
additional constraints to ensure the validity of the results.

Results: The increasing number of publications on this topic over the last
decade indicates a growing interest in solutions for many-body quantum
systems, driven by promising advances in superconductive materials,
quantum computing, and other impactful areas.

Conclusions: This work explored essential foundational works to help
beginners understand a well-established technique that aims to overcome
the limitations of classical computing. The use of matrix product states in
DMRG algorithms is gaining significant traction in various fields, including
quantum computing, machine learning, and statistical mechanics, with
the purpose of addressing the challenges related to quantum many-body
systems.
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Resumen

Contexto: Los sistemas cudnticos de muchos cuerpos han sido un tema prominente durante las
dltimas dos décadas, sustentando avances en superconductores, dtomos ultrafrios y computacién
cudntica. Este andlisis bibliométrico explora conceptos clave, autores influyentes y la significancia
actual de una poderosa familia de algoritmos en fisica computacional, i.e., los algoritmos del grupo
de renormalizacién de matriz de densidad (DMRG). Se pone un énfasis especial en el uso de estados
producto de tensor en el desarrollo de simulaciones clésicas de sistemas cuanticos.

Métodos: Este articulo presenta una revisién de la literatura obtenida de la base de datos de SCOPUS.
Analiza tendencias y enfoques relacionados con el concepto de incertidumbre dentro del marco
de desarrollos numéricos para sistemas cudnticos de muchos cuerpos, con énfasis en el modelo de
Bose-Hubbard. Esto, con el objetivo de entender mejor la imposicién de restricciones adicionales para
asegurar la validez de los resultados.

Resultados: El ntimero creciente de publicaciones sobre este tema en la tltima década indica un mayor
interés en soluciones para sistemas cudnticos de muchos cuerpos, impulsadas por avances promisorios
en materiales superconductores, computacién cudntica y otras dreas de impacto.

Conclusiones: Este trabajo explord los trabajos fundamentales para ayudar a los principiantes a
comprender una técnica bien establecida que promete sobrepasar las limitaciones de la computacién
clasica. El uso de los estados de producto de matrices en los algoritmos DMRG estd ganando una
traccién significativa en numerosos campos, incluyendo la computacién cudntica, el aprendizaje
automatico y la mecdnica estadistica, con el fin de abordar los desafios asociados con los sistemas
cudnticos de muchos cuerpos.

Acknowledgments: Este trabajo fue apoyado por la Universidad del Valle bajo el proyecto interno CL
71344.

Palabras clave: estados producto de matrices, grupo de renormalizacién de matriz de densidad,

sistemas fuertemente correlacionados, modelo de Bose-Hubbard, redes de tensor
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1. Introduction

Since the theoretical statistical-mechanical development by Bose and Einstein (1) and its
experimental corroboration, ultracold quantum gases have been a topic of high interest for the

scientific community.

Given their emergent physical properties, these types of systems attract great interest, bringing
many fields together, such as condensed matter, quantum simulators, quantum information, and
quantum error correction (2-4). Additionally, thanks to the development of tools for controlling cold
atoms in atomic physics and quantum optics, it is possible to obtain highly controllable systems by
leveraging phenomena such as radiation pressure and dipole force, which allow cooling and trapping
low-energy atoms in periodic structures generated by laser light called optical lattices (5).

Among the many models that include interactions between atoms in optical lattices, this document
focuses on the Bose-Hubbard (BH) model introduced in 1963 by Gersch and Knollman (6). This model
describes bosons that can hop between the sites of a discrete lattice and interact when they coincide
at the same site. It has undergone extensive theoretical and experimental scrutiny (7), and it has been
studied using a wide range of techniques developed within the condensed matter community, from
static mean-field approaches to the more complex dynamic mean-field theory (8), in addition to various
diagrammatic approaches such as random phase approximation (9) and expansions based on spin
and orbital angular momentum degeneracy (10). It has also been widely addressed using numerical
methods like exact diagonalization (ED) and quantum Monte Carlo (QMC) (10).

However, describing a quantum system through the eigenstates of its Hamiltonian implies problems
with the exponential growth of its Hilbert space. Therefore, in 1992, White developed an algorithm that
extracted information from the system based on the eigenstates of the density matrix operator. This
is known as the density matrix renormalization group (DMRG) algorithm (11) and enables the study of

interacting many-body systems of low and high dimensionality with internal degrees of freedom.

The scope of traditional quantum mechanics is limited when investigating behavioral regimes
different from the approximations made during theoretical calculations. Therefore, a few numerical
methods have been developed to determine physical properties of high interest, such as observables
and system correlations. The development of the DMRG has led to two decades of significant advances
in addressing these problems; it became possible to relate the low-dimensional long-range phenomena
of the BH model, which constitute the desired superfluidity and Mott insulator properties (12).

The success of the DMRG lies in its matrix product states (MPS), a type of tensor network (TN) that
only deals with one spatial dimension (13). These are capable of handling the problem regarding the
exponential growth of Hilbert spaces through truncations without losing system information or being
limited to approximate systems. This paper seeks to explore how extensively MPS algorithms have been
studied and assess their continued relevance based on recent research trends and output quality.
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2. Methodology

The methodology followed in this work consists of several steps, ranging from defining the scope
of the analysis to interpreting the results. A bibliometric approach was employed to examine the
application of MPS in the BH model using data from SCOPUS. The process involved data collection,
cleaning, visualization, and interpretation to identify key trends and contributions in the field. A
summary of the methodology is presented in Table I.

Table I. Summary of the bibliometric analysis methodology

Step Description

Definition of scope This study focused on the application of MPS in the
BH model and other TN methods in physics and
engineering. The bibliometric analysis considered
publications from 2013 to 2023.

Data collection A SCOPUS query was formulated using relevant
keywords. Search filters were applied to refine the
results to articles discussing MPS and the BH model.
Metadata, including titles, authors, publication years,
journal/conference details, and citation counts, were

extracted.

Data cleaning and processing  Duplicate entries and irrelevant publications were
removed. Author names and affiliations were stan-
dardized where necessary, and consistency across

bibliographic records was ensured.

Visualization and interpretation Publication trends over the selected period were
analyzed using VOSviewer. Co-authorship networks,
journal impact, and keyword co-occurrence patterns
were examined. Plots, charts, and network graphs

were generated to illustrate trends.

Discussion of findings The results were compared against those of prior
studies to identify trends and research gaps. Key
contributors and emerging themes in the field were
highlighted.

"o

The keywords used during the data collection stage were "tensor networks", "matrix product state",

"non "o

"many-body systems", "strongly correlated systems", “ultra cold atoms", "Bose-Hubbard Hamiltonian",
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"spin-1", and "bosons"for the decade between 2013 and 2023. Fig. 1 presents the research dynamics
as evolving with the 479 scientific publications identified, where a pronounced increase in interest is
observed from 2020 onward. The exact query entry used was as follows: TITLE-ABS-KEY ( “Tensor Networks”
AND “Matrix Product State” OR “Many-body systems” OR “Strongly correlated systems” OR “Ultra Cold atoms” OR

“Bose-Hubbard Hamiltonian” OR “Spin-1" OR “Bosons” ) AND PUBYEAR > 2012 AND PUBYEAR < 2024.
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Figure 1. Publishing intensity regarding TNs in Figure 2. Documents per year by country. Source:
many-body systems over the last 10 years. Source: . . o
SCOPUS, using the same query string as in Fig. 1
SCOPUS
Furthermore, Fig. 3 illustrates the distribution of the research fields involved, highlighting
"physics and astronomy"with 421 publications, followed by "materials science"with 155 documents and

"mathematics"with 72.

Physics and Astronomy

Others

Chemistry

Engineering
Materials Science

Computer Science

Mathematics

Figure 3. Distribution of fields of study with regard to scientific publications. Source: SCOPUS

As a result of this bibliometric analysis, an important aspect emerges: Fig. 4 shows that many
countries are actively engaged in TN research in the context of many-body systems and ultra cold
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atoms. The top three contributors are Germany (156 publications), United States (128), and China
(94). Out of these publications, 12 papers have an author from Latin American countries, and four
of them have a Colombian author (14-17). The topics addressed were quantum thermal machines
and entanglement between single- and many-bodyness. The institutes responsible for most of the
publications are consistent with Fig. 4: the first four of them are the Max Planck Institute, Universiteit
Gent, Universitiat Wien, and the Munich Center for Quantum Sciences.

belgium
) 2018.0 2018.5 2019.0 2019.5 2020.0
austria
poland
italy japan

8%"}/

united states
united kingdom

caiada

s#in china

france

Figure 4. Countries, their collaborators, and highest average of documents published by year

The five journals that published the most articles on the topics over the past decade all belong to
the Physical Review family, as illustrated in Fig.5.

e Phys. Rev. A - Phys. Rev. Research
-+ Phys. Rev. B -+ Phys. Rev. B Condensed Matter
- Phys. Rev. Letters
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Figure 5. Documents per year by source. Source: SCOPUS
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Finally, Fig. 6 shows the 26 most frequent keywords, each appearing more than 20 times in the
selected articles. These reflect the main elements around which this topic revolves, including the
determination of a ground state in quantum many-body systems, their phase diagrams, and certain
fields of interest, e.g., quantum optics, statistical mechanics, and machine learning.

projected entafigled pair state

quantum englement
netwajk state : matrglgebra
Quantw optics
gro L‘tate wave funciions

phase diagrams

matrix wct state

tensor metworks
network algorithms

ising model 1 ey
N tensormerwork
quantum maﬂ:ody systems t S
phase tr@nsitions

machine learning

topalogy statlst!cawechamcs numericabmethods

W L4
hamil@nians :
article

quanturmiehemistry

quantdiihecry P

2019.0 2019.5 2020.0 2020.5 2021.0

Figure 6. Most relevant keyword appearance by year

3. Results and discussion

Different logical operators were used in the query string to filter the initial 479 publications,
focusing only on the topics most relevant to this research. By replacing the operator OR with AND
before "spin-1in the query, we obtained 34 publications more directly related to our research topic.

The use of MPS and TNs to address many-body quantum systems has recently attracted substantial
attention. With the growth of quantum computing and machine learning, MPS provide powerful
solutions to problems where perturbative methods or exact diagonalization fail to accurately describe
the complex dynamics of entangled quantum systems (18).

Fig. 4 indicates that research in this field is particularly prominent in Germany, where Frank
Verstraete, JI Cirac, and MM Wolf developed foundational approaches in 2007 (19) and remain as the
leading researchers. Institutions such as the Max Planck Institute of Quantum Optics, Universiteit Gent,
Universitdt Wien, and the Munich Center for Quantum Science and Technology (MCQST) are among
Europe’s leading research centers in this area. Additionally, China and the United States have also
contributed significantly to the field, even surpassing Germany in average annual publications. Three
institutes that are ranked among the top 10 in these countries are the Chinese Academy of Sciences, the
University of the Chinese Academy of Sciences, and the California Institute of Technology.
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The dominance of certain institutions in the field of TN research is not merely a result of geographical
biases, but rather a reflection of strategic investments in science and technology by both the public
and private sectors (Fig.7). Governments in these regions prioritize funding for quantum technologies,
artificial intelligence, and condensed matter physics, leading to well-financed research programs and
cutting-edge facilities. Additionally, strong collaboration between academia and the industry foster
innovation and accelerate publication rates. As shown in Fig. 7, the top 14 funding agencies supporting
TN research highlight the crucial role of sustained financial backing in maintaining institutional
leadership within this rapidly growing field.

== United States mm FEuropean Union mm China o= Japan

National Science Foundation 303 =
Department of Energy 172 -

Department of Defense 92 -

Office of Science 104 =

European Commission 334

Horizon 2020 272 -

Deutsche Forschungsgemeinschaft 214 =
European Research Council 208 =

UK Research and Innovation 91 =
National Natural Science Foundation 297 =
Ministry of Science & Technology 187 =
National Key Research & Development Program 83 =
Society for the Promotion of Science 116 =

Ministry of (...) Science and Technology 109 =

| | | | | |
0 50 100 150 200 250 300 350
Documents

Figure 7. Top 14 funding sponsors by number of published documents on TNs from 2013 to 2023. The
data highlight the leading institutions investing in TN research, with significant contributions from the
United States, the European Union, China, and Japan
Source: SCOPUS

3.1. Bose-Hubbard model

Numerical developments flourish only when applied to complex systems, which is why quantum
many-body models — such as the Fermi-Hubbard, Lieb-Liniger, and Bose-Hubbard models, among
others — serve as essential benchmarks to evaluate their efficiency and precision (20). However, physics
frequently involves complexities requiring the study of models with non-Hermitian Hamiltonians or
quartic interaction terms, as is the case with the BH model, which describes a system of bosons in a 1D
chain that interact and hop in a unidirectional fashion. The Hamiltonian that describes this model (20)
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corresponds to Eq. (1):

L—1 L
H=—t (Y blbjr +bbl,, —uZﬁj+%Zﬁj(ﬁj—1), 1)
j=1 J=1 j=1

where IA);, lA)j, and n; = B; Bj are bosonic creation, annihilation, and particle number operators applied to
the j-th site; L refers to the total sites; U quantifies the on-site interaction strength; € is set depending
on boundary conditions; and ¢ characterizes hopping between first neighbors. The model is indeed
integrable from the perspective of the quantum inverse scattering method (20). Many exact solution
approaches can be adopted using ansétze such as Bethe (20) or Gutzwiller (21).

3.2. Density matrix renormalization group

Investigating quantum many-body systems is crucial in condensed matter physics. Two main
challenges include modeling complex interactions and solving these models computationally. In the
latter, many computational issues also emerge, mainly due to the fact that the dimension of the Hilbert
space of the whole system grows exponentially (d") with the amount of particles (n) involved and the
internal degrees of freedom (d) which do not happen in classical mechanics, where the computational
memory required is proportional to one times the other (dn) (22). To avoid this issue, based on
the variational principle, Steven R. White developed the DMRG in 1992 (23) after realizing that the
eigenstates of the density matrix provide a more suitable description for quantum systems than those of
the Hamiltonian (24).

Figure 8. Schematic description of the infinite-system DMRG algorithm, as adapted from (22)

The procedure is as follows. First, we examine two blocks: system (5) and environment (E) (Fig. 8).
These blocks are part of the overall system under analysis, so their labels are chosen arbitrarily. Next,
we expand the system by adding a physical site to each block, resulting in the formation of blocks left
() and right (r). We then create block SB (superblock) by combining blocks L and R. SB represents
the entire system that we aim to describe at each iteration. It is important to note that aggregating
these blocks requires consideration of both their individual Hamiltonians and their mutual interactions.
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Finally, if we were to truncate blocks L and R using their corresponding low-energy states (5), we

would create the new blocks S’ and E’ to be employed in the initial step of the subsequent iteration (22).

An alternative in the algorithm comes in step (5), where diagonalizing becomes viable using a well
behaved eigenstate |¢) (usually the ground state or among the lowest-energy eigenstates) to construct
the density matrix. Considering multiple target states is not out of the picture, as long as the sum of the
amplitudes of probability equals the identity, as shown in Eq.(2).

p= ch [¥n) (¥nl ch =1 )

3.3. Matrix product states

Tensor network states (TNS) are extensively used within the DMRG community to estimate the
ground states of Hamiltonians represented on lattices in d dimensions. The simplest type of TN, which
we will briefly explain, consists of MPS where there is only a single spatial dimension (D=1). This
is the core of the remarkable success of White’s DMRG. Whether it be their dynamics with the time
evolution block decimation algorithm (TEBD) or their variations, MPS have been very useful since they

can accurately provide the properties of a ground state (13).

Constructing an MPS requires dealing with a system that can be split into two subsystems, e.g, a
1D chain of spins, as shown in Eq. (3). Starting from a physical lattice with L sites, a bipartite system is
formed, where the second subsystem is taken as the lattice at site L and the first subsystem is the rest
of the lattice. This is then represented as an entangled state, and singular value decomposition (SVD)
is performed on the probability amplitude coefficients. After regrouping, the right site of the lattice is
represented on an appropriate basis, with the left side representing the lattice from site 1 to L — 1. This

process is iterated until all sites are included (Fig. 9) (25).

d
|¢> = chnm---nL ‘nl"‘nL> ©)]
{n}
where the AZ-;.,@ ;41 correspond to contractions of A, FZ-j,(X 41, L.e., the Schmidt coefficient (\) and the
element from the transformation matrix (I"), to the desired base (Fock’s in this case).

(%1 a2 a3 ay, ar41

X d
) ) ) |l/)>: Z Z A" ANz L ATL |7L1"'TLL>

[EENeD e DY %Y QArLorL4+1

ni na nr

Figure 9. Pictorial (left) and mathematical (right) representations of the MPS

3.4. Matrix product operators

In the same spirit, a quantum state can be represented in terms of products of matrices, and an
analogous representation can be formulated for operators. This becomes really useful when intending to
measure the expectation values of global operators that, rather than acting in a single site, act throughout
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the entire chain, as is the case for most Hamiltonians (26-29). To this effect, the operators must be

represented as a product of matrices, as shown in Eq. (5) for a general operator.

d
O= 3" Chmziik lnang--np) (ning - n| (4)
{n}{n'}
d w , ’ / ’
nin nan np—1ny_ nLmn / !
= Z Z Wﬁl Wﬁllﬁzl Wﬁzzﬁzz o WBL—lﬂLL ' WﬂLﬁLL+1WBL+1 |n1 o nL> <Tl1 L (5)
{nH{n'} {8}

d
= Z wolw MR By Iy A o) (0l |
{nH{n'}

In Eq. (5), the element Wﬁ[lz]ﬁwl denotes a w x w matrix, where w is the local dimension of the matrix
product operator (MPO) and {|n)} are the local basis vectors. Moreover, the matrices at the free ends
of the chain will have a different structure. They are not square matrices; instead, they are column and

row vectors of dimensions 1 x w and w x 1. Thus, the product between Ws yields a scalar, as shown in
Eq. (6).

W[O]:[o 0 ﬂ W[L“]:[ﬁ 0 - 0 6)

A w d n’ny nlno n’n
O=Y > WEI™ Wiy WiE™ [ny - ny) (nf - -nly
@

Figure 10. Graphic representation (left) and mathematical expression (right) of the MPO

The graphic representation of Eq. (5) is presented in Fig.10. The true wonders of the MPO
representation lie in the fact that it allows expressing exactly any local Hamiltonian with (relatively)
small matrices of dimension w x w. Moreover, the structure of this representation is almost identical to
that of a MPS; both of them are represented by a list of tensors at each site and, therefore, computing
expectation values becomes an easier task (30). Taking into account that we are working with a
Hamiltonian composed of a sum of finite-range interactions, we can construct the W matrix as entirely
lower (or upper) triangular matrices by imposing that the top-left and bottom-right components be
identity operators I. For example, consider an operator that is the sum of single-site local terms:

O =Y X, = whlwll .. wl-tplel ikl = [H 9]
- Xi I

For that specific operator, the internal dimension of the MPO is w = 2, and each operator (including
that top-right 0) is d x d matrices. If we carry out the same procedure for a nearest-neighbor operator
that also has single-site local terms, the following is obtained:

I 0 O

O = ZXiYiH + ZZj =whwe .. .wit-uwlkl  — whk=|y, o o
i j A A

7, X, I
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Note that, in both the first and the second operator, the terms which act upon a single site always
remain in the bottom-left corner. The BH Hamiltonian in Eq. (1) can also be expressed in this way, as
seen in Eq. (7).

I 0 0 0
- —tl}L 0 0 0 -

—thy 0 0 0

—png + %flk(’flk -1 l;k b;rC i

3.5. Other TN representations

Another interesting result from our SCOPUS analysis is the need for a higher-dimensional
representation of states, as MPS are limited to one spatial dimension. When it comes to other physics
fields such as quantum chemistry (31, 32), machine learning (33), quantum computation (34-37), and
holography (2,38-40), systems with higher dimensions (d = 2) are the norm rather than the exception.
This is why other generalizations of MPS and MPO exist.

Among the most commonly used representations are projected entangled-pair states (PEPS) (41-45),
the multiscale entanglement renormalization ansatz (MERA) (46), and tree tensor networks (TTNs) (47—
50) (Fig. 11). The first natural generalization corresponds to PEPS, where the linear MPS is replaced by
a lattice that can take many geometries aside from the traditional squared lattice, as shown in Fig. 11a.
Translational invariance can once again be exploited for finite and infinite systems by choosing a unitary
cell that is repeated over the whole lattice (13).

(A) (B) (©)

Figure 11. Depiction of other TN representations: a) projected entangled-pair states, b) multiscale

entanglement renormalization, ) tree tensor networks

TNs have rapidly emerged as a powerful framework for tackling complex problems in quantum
many-body physics, quantum information, and beyond, as showcased in Fig. 12. Their ability to
efficiently represent and manipulate high-dimensional data makes them invaluable for studying
entanglement structures, simulating quantum systems, and optimizing variational methods. As research
continues to uncover new applications, from enhancing quantum algorithms (51) to accelerating neural
network training, TN methods (52) have become increasingly relevant for newcomers seeking to
work at the forefront of computational and theoretical advancements. Given their expanding role in
interdisciplinary research, mastering TN is not just an asset but a necessity for those aiming to stay
ahead in modern physics and computer science.
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Figure 12. Number of documents published per year on TNs in the fields of machine learning, quantum

chemistry, artificial intelligence, quantum information, and holography. Source: SCOPUS

4.

Conclusions

= This paper reviews key foundational literature to introduce beginners to a well-established

technique that aims to overcome the current limitations of classical computing.

= TNs are now becoming a trending technique for d = 1,2 in many fields of physics and computer
science, such as condensed matter physics, quantum chemistry, machine learning, artificial

intelligence, and quantum computing, bridging theoretical insights with practical applications.

= Newer research directions are exploring physical systems beyond simplified toy models, where
richer and more complex physics emerges. Examples include the spin-1 BH model, SU(N)
Hubbard models, and topological matter, all of which push the boundaries of TN methods in

capturing interesting correlations and exotic quantum phenomena.

= Future work may explore the integration of MPS with neural network-based quantum states, or
the adaptation of MPS-inspired techniques to two-dimensional lattice models through PEPS or
MERA frameworks.
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