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Abstract  

Context: The accurate determination of density is crucial because density is an important property in 

the custody transfer of fluids and in other applications, such as the characterization of fuels and biofuels. 

Method: The calibration of the pressure cell, which is connected to the digital densimeter, was 

performed according to the measurement standards  of the Fluids Laboratory of the Instituto Nacional 

de Metrologia, Qualidade e Tecnologia (Inmetro). This calibration involved determining an internal 

adjustment factor, which was obtained at each calibration temperature, from 277.15 K to 313.15 K, over 

a pressure range from 0.1 MPa to 15 MPa. Additionally, reference solutions were used under the same 

temperature and pressure conditions, as specified by the operational requirements. 

Results: The relative expanded uncertainty associated with the calibration curve is 0.00030 g/cm³, for 

a coverage factor of 2.058 (95% confidence level). It applies to a density range from 0.7033 g/cm³ to 

1.0064 g/cm³, a temperature range from 277.15 K to 313.15 K, and a pressure range from 0.1 MPa to 

15.0 MPa. 

Conclusions: With the pressure cell and all its instruments properly calibrated, this system can be used 

for a variety of applications within a temperature range from 277.15 K to 313.15 K and a pressure range 

from 0.1 MPa to 15.0 MPa, including pycnometer calibration, the measurement of liquid densities from 

0.7033 g/cm³ to 1.0064 g/cm³, and the calibration of other pressure cells. 
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Resumen  

Contexto: La determinación exacta de la densidad es crucial, ya que la densidad es una propiedad 

importante en la transferencia de custodia de fluidos y en otras aplicaciones, como la caracterización de 

combustibles y biocombustibles. 

Método: La calibración de la celda de presión, que está conectada al densímetro digital, se realizó de 

acuerdo con los patrones de trabajo del Laboratorio de Fluidos del Instituto Nacional de Metrologia, 

Qualidade e Tecnologia (Inmetro). Esta calibración implicó determinar un factor de ajuste interno, que 

se obtuvo en cada temperatura de calibración, desde 277,15 K hasta 313,15 K, en un rango de presión 

de 0,1 MPa a 15 MPa. Además, se utilizaron soluciones de referencia en las mismas condiciones de 

temperatura y presión, tal como lo especifican los requisitos operacionales. 

Resultados: La incertidumbre expandida relativa asociada con la curva de calibración es de 0,00030 

g/cm³, para un factor de cobertura de 2,058 (nivel de confianza del 95 %). Se aplica a un rango de 

densidad de 0,7033 g/cm³ a 1,0064 g/cm³, un rango de temperatura de 277,15 K a 313,15 K y un rango 

de presión de 0,1 MPa a 15,0 MPa. 

Conclusiones: Con la celda de presión y todos sus instrumentos debidamente calibrados, este sistema 

puede utilizarse para diversas aplicaciones dentro de un rango de temperatura de 277,15 K a 313,15 K 

y un rango de presión de 0,1 MPa a 15,0 MPa, entre ellas la calibración de picnómetros, la medición de 

la densidad de líquidos de 0,7033 g/cm³ a 1,0064 g/cm³ y la calibración de otras celdas de presión. 

Palabras clave: densidad, incertidumbre, presión, temperatura. 

 

1. Introduction 

 

This research consists of the development of a measurement system for calibrating digital densimeters 

with pressure cells in order to determine the density of liquids at different temperatures and pressures. 

The system was developed at the Fluids Laboratory (Laflu) of Inmetro, the Brazilian national metrology 

institute (NMI), with the aim of calibrating pressure cells used by companies in the petroleum sector. 

The measurement system uses a steel pycnometer manufactured at Laflu [24], specially designed to 

contain the liquid at different pressures and temperatures, coupled to the following basic equipment: a 

digital densimeter with a pressure cell, a pressurization system, and a temperature control system. 

Together, these form an integrated system that allows density readings to be taken under simultaneous 

changes in pressure and temperature, at a much lower cost than conventional systems. All equipment 

used in the measurement system is traceable to national standards, ensuring reliable and metrologically 

traceable measurement results. This new setup allows the results of the digital densimeter with a pressure 

cell to be compared with those of steel pycnometers, and the measurement uncertainty of both results to 

be estimated. With the digital densimeter, curves can be obtained for various fuels relating density, 
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pressure, and temperature. A digital densimeter was used to measure the density of liquids at various 

temperatures and pressures. In this process, a steel tube filled with the sample of interest vibrates 

perpendicular to its axis within an electromagnetic field. The harmonic oscillation frequency of the tube 

is directly related to the density of the liquid inside it. The density, liquid temperature, liquid pressure, 

and oscillation period are displayed on the monitor of the host digital densimeter, such as the DMA 4500 

M or DMA 5000 M, both manufactured by Anton Paar. The calibration of digital densimeters follows 

the ISO 15212-1 and ISO 15212-2 standards. However, the external measuring cells used for pressure–

volume–temperature (PVT) analysis and liquid density require a calibration methodology different from 

the one specified in these standards for other digital densimeters. It is important to emphasize that 

determining the internal factor of the measuring cell with only two fluids, such as water and air, is not 

sufficient. To calibrate these cells, as well as digital densimeters, traceable reference fluids must be used 

within the temperature and pressure range over which the measuring cell or digital densimeter is to be 

calibrated. In this case, the following fluids were used: water, ethanol, n-nonane, and n-dodecane.  

Many fluids can be used to determine density; among them, fuels (alcohol, gasoline, diesel, and 

biodiesel) are of strategic importance, given their role in the Brazilian energy matrix. In particular, 

biodiesel, which has recently been blended with commercial diesel, is a biofuel of great importance for 

Brazil. In addition, some alkanes exhibit good stability in density, surface tension, and viscosity, and 

can therefore be used as certified reference materials (CRMs) for the calibration of important 

instruments such as tensiometers, digital densimeters (process and bench), and viscometers (capillary 

and rotational). 

The density of the fuels of interest and of some alkane-type reference materials can be obtained with the 

developed system under the specified temperature and pressure conditions. A specific methodology was 

developed for measuring density with this system. In addition, the specific objectives are: 

• Provision of algorithms to correct for the effects of temperature and pressure on the density of 

the fluids under study. 

• Determination of curves of the thermal expansion coefficient and the compressibility factor of 

the fluids under study for the pressure and temperature range investigated. 

• Calibration of digital densimeters with pressure cells at different temperatures and pressures. 

• Support for the custody transfer process in the oil and natural gas industries for the 

commercialization of their products. 

• Support for the Brazilian Association of Technical Standards (ABNT), Brazil’s national 

standardization body, in the preparation of tables of density as a function of temperature and 

pressure, in line with the International Organization for Standardization (ISO). 

The remainder of this paper is organized as follows. Section 2 presents the measurement system 

developed for density determination under controlled temperature and pressure conditions, including 

the instrumentation and experimental setup. Section 3 describes the calibration procedure of the external 

pressure cell, covering the determination of the internal adjustment factor, the verification of the 
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temperature sensor, and the characterization of the reference liquids. Section 4 presents the mathematical 

model developed for the calibration curve, while Section 5 describes the uncertainty analysis associated 

with the proposed methodology. Section 6 presents the validation of the calibration model through 

experimental measurements and a statistical evaluation of the results obtained. Section 7 discusses the 

main applications of the calibrated system for density measurements under varying temperature and 

pressure conditions. Finally, Section 8 summarizes the main conclusions of this work. 

 

2. Measurement System 

 

A system [1] was developed at Inmetro to determine the density of liquids at various temperatures and 

pressures (Figure 1). The system consists of the following equipment: a comparator pump with a 

maximum pressure capacity of 100 MPa; a digital densimeter (DMA 5000 M, manufactured by Anton 

Paar; see Figure 2) with a resolution of 0.000001 g/cm³; an external pressure cell (DMA HP, 

manufactured by Anton Paar; see Figure 2) capable of operating at pressures up to 70 MPa and 

temperatures from −10 °C to 300 °C; and a steel pycnometer manufactured at Laflu with a nominal 

volume of 100 cm³. 

 

3.        Calibration Procedure 

 

The calibration of the pressure cell (DMA HP), which is connected to the digital densimeter as shown 

in Figure 1, was performed according to the working standards of Laflu. This calibration involved 

determining an internal adjustment factor, which was obtained at each calibration temperature, from 4 

°C to 40 °C, over a pressure range from 0.1 MPa to 70 MPa. Additionally, reference solutions were used 

under the required calibration conditions, within a temperature range from 4 °C to 40 °C and a pressure 

range from 0.1 MPa to 15 MPa, as specified by the operational requirements. 

 

The pressure cell calibration procedure was carried out as follows: 

• Determination of the internal factor of the digital densimeter for a temperature range from 4 °C 

to 40 °C and a pressure range from 0.1 MPa to 15.0 MPa, and of the constants A and B of the 

measuring cell; 

• Verification of the internal temperature sensor of the pressure cell; 

• Measurement of the density of reference solutions over the selected temperature and pressure 

range;  

• Correlation of the density values obtained in the measurement (indicated values) with the 

density values calculated from the equations derived from the pycnometer measurements. 
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Figure 1. Schematic diagram of the measurement system. Source: Inmetro/Laflu. 

 

3.1.         Determination of the Internal Adjustment Factor 

To verify the linearity of the measuring cell, an internal adjustment was required. This internal 

adjustment (internal factor) [2]–[4] was performed using two reference fluids: double-distilled, 

deaerated water and air. These fluids were chosen because their density values at different temperatures 

are well known. 

 

To determine the internal adjustment parameters A and B, which characterize the calibration of the 

pressure cell at a given temperature, the following procedure was used. First, the period and density of 

air at the specified temperature were measured. Then, approximately 5.0 ml of water was introduced, 

and the period and density of the water were measured at the same temperature. It is important to note 

that both fluids were maintained at 0.1 MPa during this process. 

 

The temperatures selected for determining the adjustment parameters A and B were 4 °C, 15 °C, 20 °C, 

25 °C, and 40 °C. 

 

The adjustment parameters A and B were calculated using Equations (1) and (2), respectively. 
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                                                                   𝐴 =
𝜌1−𝜌2

𝑡1
2−𝑡2

2                                                       (1) 

                                                              𝐵 =
𝑡2

2∙𝜌1−𝑡1
2∙𝜌2

𝑡1
2−𝑡2

2                                                                    (2) 

Where: 

 𝜌1 is the air density (g/cm³); 

 𝜌2 is the density of double-distilled, deaerated water (g/cm³);  

 𝑡1 is the air oscillation period (μs); 

 𝑡2 is the double-distilled and deaerated water oscillation period (μs).  

 

 

 

 

Figure 2. Pressure cell (DMA HP) and digital densimeter (DMA 5000M) (Source: Inmetro/Laflu) 

 

3.2        Internal Temperature Sensor Verification 

To verify the internal sensor, a PT-100 temperature sensor (standard) with a resolution of 0.001ºC 

(Model: CKT100, Manufacturer: Anton Paar) was placed inside the measuring cell. The temperature 

reading from the PT-100 sensor was compared with the temperature indicated by the pressure cell. This 

comparison allowed for the formulation of an equation to correct the temperature reading from the 

pressure cell. The temperature inside the cell was checked at the following points: 4 ºC, 15 ºC, 20 ºC, 

25 ºC, and 40 ºC. 

 

Equation 3 provides the temperature correction for the liquid during pressure cell measurements. 
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                                               𝑇𝐿𝑐 = 𝑏0 + 𝑏1 ∙ 𝑇𝐿𝑖                                                                  (3) 

Where: 

𝑇𝐿𝑐 is the corrected temperature of the liquid inserted into the pressure cell at ºC; 

𝑇𝐿𝑖 is the temperature of the liquid indicated on the pressure cell in ºC; 

𝑏0 and 𝑏1 are constants obtained through the linear regression method. 

 

 

3.3       Determination of the specific mass of reference liquids at different temperatures and 

pressures 

 

A steel pycnometer [5], developed at the Inmetro Laboratory, was used to determine the density of 

reference liquids at various temperatures.  

 

The densities of the reference liquids water; ethanol; n-nonane, and n-dodecane [6] were defined for 

temperature and pressure ranges from 4ºC to 40ºC and 0.1 MPa to 15 MPa. The equations used to 

determine the densities of these liquids [1],[7],[8] are provided below. 

 

Table I 

Equations to determine the densities of reference liquids 

 

Reference Liquids Mathematical Model 

Water 
𝜌𝐿𝑅(𝑇𝐿,𝑃𝐿)

𝜌0(𝑇𝑟,𝑃𝑟)
= 𝑛0 + 𝑛1 ∙ (

𝑇𝐿

𝑇0
− 1) + 𝑛2 ∙ (

𝑃𝐿

𝑃0
+ 1) + 𝑛3 ∙ (

𝑇𝐿

𝑇0
− 1)

2
                (4) 

Ethanol, N-

Dodecane/ N-

Nonane 

𝜌𝐿𝑅(𝑇𝐿,𝑃𝐿)

𝜌0(𝑇𝑟,𝑃𝑟)
= 𝑛0 + 𝑛1 ∙ (

𝑇𝐿

𝑇0
− 1) + 𝑛2 ∙ (

𝑃𝐿

𝑃0
+ 1) + 𝑛3 ∙ (

𝑇𝐿

𝑇0
− 1)

2

+ 𝑛4 ∙ (
𝑃𝐿

𝑃0
+ 1)

2

   (5) 

 

where 

 𝜌𝐿𝑅(𝑇𝐿 , 𝑃𝐿) is the density of the reference liquids at temperature TL and pressure PL within the working 

range in g/cm³; 

 𝜌0(𝑇𝑟, 𝑃𝑟) is the density of the reference liquids obtained under reference condition (Tr = 20 ºC and Pr 

= 0,1 MPa) through measurements performed by the hydrostatic weighing system developed at the 

Fluids Laboratory of Inmetro [1] in g/cm³; 

T0  is the initial temperature = 4 ºC 

P0  is the initial pressure = 0.1 MPa  

TL is the temperature of the liquid in ºC; 
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PL is the pressure of the liquid in MPa;  

𝑛0, 𝑛1, 𝑛2, 𝑛3 e 𝑛4  are constants obtained through the multiple linear regression method (Table II); 

 

Table II 

 Constants of equations 4 and 5 

 Reference Solutions 

Constants of 

Equations (4) and 

(5) 

Water Ethanol N-Dodecane 

 

N-Nonane 

 

𝑛0 1.001895 1.016023 1.015689 1.016774 

𝑛1 -1.7197 x 10-4 -3.9755 x 10-3 -3.7363 x 10-3 -4.1966 x 10-3 

𝑛2 4.5784 x 10-5 1.2685 x 10-4 9.0507 x 10-5 1.1454 x 10-4 

𝑛3 -8.1428 x 10-5 -2.0696 x 10-5 -4.5816 x 10-6 -4.0948 x 10-6 

𝑛4 - -1.2905 x 10-7 -4.7947 x 10-8 -4.8400 x 10-8 

 

Tables III, IV, V and VI represent the uncertainty tables used in determining the expanded uncertainty 

of the specific mass of the reference liquids through equations (4) and (5) and the contributions of each 

input quantity in determining these uncertainties, respectively.  

 

Table III 

Uncertainty budget for the measurement of water density obtained with Equation (4) 

Input quantity 
(Xi) 

Standard 

uncertainty 

u(Xi) 

Distribution type Sensitivity 

coefficient 
(Ci)  

Uncertainty 

contribution 

ui(y) (g/cm³) 

Lmed. 9.500 × 10−5 g/cm³ Student’s t 1 9.500 × 10−5 

0 2.50 × 10−6 g/cm³ Student’s t 0.9918 2.479 × 10−6 

TL 5.00 × 10−4 °C normal −8.128 × 10−4 g/(cm³·°C) −4.064 × 10−7 

PL 4.50 × 10−3 MPa normal 

1.627 × 10−4 

g/(cm³·MPa) 7.323 × 10−7 

 ( L) 6.880 × 10−5 g/cm³ rectangular 1 6.879 × 10−5 

 

Note: Lmed is the density of the liquid measured with the pycnometer [1]. 

 

 

Table IV  

Uncertainty budget for the measurement of ethanol density obtained with Equation (5) 

Input 

quantity 
(Xi) 

Standard 

uncertainty 

u(Xi) 

Distribution type Sensitivity 

coefficient 
(Ci)  

Uncertainty 

contribution 

ui(y) (g/cm³) 

 Lmed. 1.250 × 10−4 g/cm³ Student’s t 1 1.250 × 10−4 

 0 1.00 × 10−5 g/cm³ normal 0.9948 9.948 × 10−6 

TL 5.00 × 10−4 °C normal −8.598 × 10−4 g/(cm³·°C) −4.299 × 10−7 

PL 4.50 × 10−3 MPa normal 

6.951 × 10−4 

g/(cm³·MPa) 3.128 × 10−6 

 (  L) 6.154 × 10−5 g/cm³ rectangular 1 6.154 × 10−5 
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Table V 

Uncertainty budget for the measurement of n-dodecane density obtained with Equation (5) 

Input 

quantity 
(Xi) 

Standard 

uncertainty 

u(Xi) 

Distribution 

type 

Sensitivity 

coefficient 
(Ci)  

Uncertainty 

contribution 

ui(y) (g/cm³) 

 Lmed. 9.500 × 10−5 g/cm³ Student’s t 1 9.500 × 10−5 

 0 3.00 × 10−6 g/cm³ Student’s t 1.025 3.074 × 10−6 

TL 5.00 × 10−4 °C normal −7.149 × 10−4 g/(cm³·°C) −3.574 × 10−7 

PL 4.50 × 10−3 MPa normal 5.693 × 10−4 g/(cm³·MPa) 2.562 × 10−6 

 ( L) 7.661 × 10−5 g/cm³ rectangular 1 7.661 × 10−5 

 

Table VI 

Uncertainty budget for the measurement of n-nonane density obtained with Equation (5) 

Input 

quantity 
(Xi) 

Standard 

uncertainty 

u(Xi) 

Distribution 

type 

Sensitivity 

coefficient 
(Ci)  

Uncertainty 

contribution 

ui(y) (g/cm³) 

 Lmed. 9.500 × 10−5 g/cm³ Student’s t 1 9.500 × 10−5 

 0 3.50 × 10−6 g/cm³ Student’s t 1.029 3.601 × 10−6 

TL 5.00 × 10−4 °C normal −7.664 × 10−4 g/(cm³·°C) −3.832 × 10−7 

PL 4.50 × 10−3 MPa normal 7.173 × 10−4 g/(cm³·MPa) 3.228 × 10−6 

 (  L) 8.571 × 10−5 g/cm³ rectangular 1 8.571 × 10−5 

 

Table VII presents the relative expanded uncertainties associated with these measurements, obtained with 

Equations (4) and (5) for the different liquids over a temperature range from 4 °C to 40 °C and a pressure range 

from 0.1 MPa to 15.0 MPa. These results were obtained for a confidence level of approximately 95%. 

 

Table VII 

Relative expanded uncertainties of the densities of the reference liquids obtained with Equations (4) and (5) 

 

Reference liquid Relative expanded 

uncertainty Urel 

(%) 

Coverage 

factor (k) 

Effective degrees 

of freedom (eff) 

Water 0.024 2.043 60 

Ethanol 0.036 2.064 41 

n-Dodecane 0.033 2.036 71 

n-Nonane 0.036 2.030 86 

4.     Mathematical Model for the Pressure Cell Calibration Curve 

 

To develop this mathematical model, it was necessary to record the density values of the reference 

liquids indicated by the pressure cell at temperatures of 4 °C, 15 °C, 20 °C, 25 °C, and 40 °C, and at 

pressures of 0.1 MPa, 2.5 MPa, 5.0 MPa, 7.5 MPa, 10.0 MPa, and 15.0 MPa. These experimental values 

were then compared with the density values calculated from the equations shown in Table I under the 

same temperature and pressure conditions. Using the experimental data obtained from the 

measurements, Equation (6) was determined by multiple linear regression: 
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𝜌𝐿𝑐 = 𝑑0 + 𝑑1 ∙ 𝜌𝐿𝑖 + 𝑑2 ∙ 𝜌𝐿𝑖
2 + 𝑑3 ∙ 𝑇𝐿𝑖 + 𝑑4 ∙ 𝑇𝐿𝑖

2 + 𝑑5 ∙ 𝑃𝐿
2 + 𝑑6 ∙ 𝑃𝐿

4 + (𝑑7 ∙ 𝑇𝐿𝑖 + 𝑑8 ∙ 𝜌𝐿𝑖) ∙ 𝑃𝐿
2 

  

(6) 

where 

𝜌𝐿𝑐 is the corrected density of the liquids, in g/cm³; 

𝜌𝐿𝑖 is the density of the reference liquids indicated on the digital densimeter, in g/cm³;  

𝑇𝐿𝑖 is the temperature of the liquid indicated on the digital densimeter, in °C; 

𝑃𝐿 is the pressure exerted on the liquid inside the pressure cell and in the system, in MPa; 

𝑑0, 𝑑1, 𝑑2, 𝑑3, 𝑑4, 𝑑5, 𝑑6, 𝑑7, 𝑑8 are constants obtained by multiple linear regression. 

 

5.      Uncertainty Analysis of the Density Obtained with the Pressure Cell Calibration Curve 

 

The input variables considered for the density equation of the liquid measured with the pressure cell are 

as follows: 

                                      𝜌𝐿𝑐 = 𝛷(𝑇𝐿𝑖, 𝑃𝐿 , 𝜌𝐿𝑅 , 𝑅, 𝛿(𝜌𝐿𝑐))                                               (7) 

where  

𝑇𝐿𝑖 is the temperature of the liquid indicated on the digital densimeter; 

𝑃𝐿 is the pressure of the liquid in the system; 

𝜌𝐿𝑅 is the density of the reference liquids determined from Equations (4) and (5), in g/cm³; 

𝑅  is the system resolution, in g/cm³;  

𝛿(𝜌𝐿𝑐) is the maximum deviation between the density of the liquid determined with Equation (6) and 

the density of the liquid obtained with Equations (4) and (5). 

 

For the uncertainty analysis of this measurand, the following steps are necessary [9], [10]: 

 

- Analysis of the standard uncertainty of the liquid temperature (TL): 

 

                                            𝑢(𝑇𝐿) =  √(
𝑈𝑐𝑒𝑟𝑡.(𝑇𝐿)

2
)

2
+  (

𝑑𝑇

2√3
)

2
                                                 (8) 

 

where 

𝑈𝑐𝑒𝑟𝑡.(𝑇𝐿) is the expanded uncertainty of the temperature sensor obtained from the calibration 

certificate; 

𝑑𝑇 is the resolution of the temperature sensor. 

 

 - Analysis of the standard uncertainty of the pressure exerted on the liquid (𝑃𝐿): 
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                                             𝑢(𝑃𝐿) =  √(
𝑈𝑐𝑒𝑟𝑡.(𝑃𝐿)

2
)

2
+  (

𝑑𝑃

2√3
)

2
                                                (9) 

where 

𝑈𝑐𝑒𝑟𝑡.(𝑃𝐿) is the expanded uncertainty of the pressure sensor obtained from the calibration 

certificate; 

𝑑𝑃 is the resolution of the pressure sensor. 

 

 

- Analysis of the standard uncertainty of the liquid density obtained from Equations (4) and (5): 

 

                                                     𝑢(𝜌𝐿(𝑇𝐿, 𝑃𝐿)) =  
𝑈(𝜌𝐿(𝑇𝐿 ,𝑃𝐿))𝑚𝑎𝑥.

2
                                         (10) 

 

where 

 𝑈(𝜌𝐿(𝑇𝐿 , 𝑃𝐿))𝑚𝑎𝑥..
 is the maximum expanded uncertainty obtained for the density of the liquid 

determined with Equations (4) and (5). 

 

- Analysis of the standard uncertainty of the pressure cell resolution (R): 

 

                                                         𝑢(𝑅) =  
𝑟

2√3
                                                                     (11) 

 

where 

r is the resolution of the pressure cell, in this case 0.00001 g/cm³.   

 

- Analysis of the standard uncertainty of the maximum deviation of Equation (6), 𝛿(𝜌𝐿𝑐): 

 

                                                      𝑢(𝛿(𝜌𝐿𝑐)) =  
𝛿𝑚𝑎𝑥(𝜌𝐿𝑐)

2√3
                                                         (12) 

                   

                                                   𝛿𝑚𝑎𝑥(𝜌𝐿𝑐) =  𝜌𝐿𝑐 − 𝜌𝐿(𝑇𝐿, 𝑃𝐿)                                                (13) 

 

where 

𝜌𝐿𝑐 is the density of the reference liquid obtained with Equation (6); 

 𝜌𝐿(𝑇𝐿 , 𝑃𝐿) is the density of the liquid obtained with Equation (4) or (5); 
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𝛿𝑚𝑎𝑥(𝜌𝐿𝑐) is the maximum deviation between the results of Equation (6) and those of Equations 

(4) and (5). 

 

  Determination of the sensitivity coefficients for these input variables: 

                                       𝐶(𝑇𝐿𝑖) = 𝑑3 + 2 ∙ 𝑑4 ∙ 𝑇𝐿𝑖 + 𝑑7 ∙ 𝑃𝐿
2                                             (14)     

                 𝐶(𝑃𝐿) = 2 ∙ 𝑑5 ∙ 𝑃𝐿 + 4 ∙ 𝑑6 ∙ 𝑃𝐿
3 + 2 ∙ (𝑑7 ∙ 𝑇𝐿𝑖 + 𝑑8 ∙ 𝜌𝐿𝑖) ∙ 𝑃𝐿                           (15) 

 

The sensitivity coefficients of the liquid density obtained from Equations (4) and (5), the pressure cell 

resolution (R), and the maximum deviation from Equation (4), 𝛿(𝜌𝐿𝑐), are equal to 1. 

         

The variance of the density can then be written as follows: 

𝑢𝜌𝐿𝐶
2 = 𝐶(𝑇𝐿𝑖)2 ∙ 𝑢(𝑇𝐿𝑖)2 + 𝐶(𝑃𝐿)2 ∙ 𝑢(𝑃𝐿)2 + 𝐶(𝜌𝐿𝑅)2 ∙ 𝑢(𝜌𝐿𝑅)2 + 𝐶(𝑅)2 ∙ 𝑢(𝑅)2 + 𝐶(𝛿(𝜌𝐿𝐶))2 ∙

𝑢(𝛿(𝜌𝐿𝐶))2                                                                                                                          (16) 

 

 

The expanded uncertainty [10] of the reference liquid density measured with the pressure cell is defined 

by the following equation: 

                                                       𝑈(𝜌𝐿𝑐) = 𝑘. 𝑢𝜌𝐿𝐶
                                                    (17) 

where 

𝑢𝑐(𝜌𝐿𝑐)  is the combined standard uncertainty of the density of the reference liquids obtained with the 

pressure cell; 

k is the coverage factor for a confidence level of approximately 95%. 

6. Validation 

 

Table VIII presents the parameters required to determine the internal adjustment factors of the DMA 

HP pressure cell at the following temperatures: 4 °C, 15 °C, 20 °C, 25 °C, and 40 °C. These parameters 

were established at a pressure of 0.1 MPa. Parameters A and B are defined by Equations (1) and (2), 

respectively. 
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Table VIII 

Internal adjustment parameters of the pressure cell 

Reference 

temperature Tr 

(°C) 

𝒕𝟏 

(μs) 

𝝆𝟏 

(g/cm³) 

𝒕𝟐 

(μs) 

𝝆𝟐 

(g/cm³) 

A 

(g/(cm³·μs²)) 

B 

(g/cm³) 

4.000 2415.84 0.001276 2627.81 0.999972 9.340037 × 10−7 5.449865 

10.000 2417.69 0.001246 2629.84 0.999699 9.323671 × 10−7 5.448699 

15.000 2419.25 0.001222 2631.45 0.999099 9.310185 × 10−7 5.447832 

18.000 2420.27 0.001208 2632.38 0.998595 9.303251 × 10−7 5.448002 

20.000 2420.80 0.001199 2632.99 0.998203 9.297482 × 10−7 5.447409 

22.000 2421.42 0.001190 2633.61 0.997769 9.291240 × 10−7 5.446610 

25.000 2422.36 0.001177 2634.47 0.997044 9.285175 × 10−7 5.447289 

30.000 2423.94 0.001156 2635.96 0.995646 9.269993 × 10−7 5.445470 

40.000 2427.10 0.001115 2638.79 0.992212 9.241109 × 10−7 5.442613 

 

Note:  𝜌1 is the density of air; 𝜌2 is the density of double-distilled, deaerated water; 𝑡1 is the oscillation 

period of air; 𝑡2 is the oscillation period of double-distilled, deaerated water.  

 

Table IX presents the values required to determine the constants defined in Equation (3), which are used 

to correct the temperature of the liquid measured in the pressure cell. 

 

Table IX 

Temperatures indicated by the pressure cell and by the standard temperature sensor 

Tio 

(°C) 

Tip 

(°C) 

𝑪𝒐𝒓𝒓𝒆𝒄𝒕𝒊𝒐𝒏 =  𝑻𝒊𝒑 − 𝑻𝒊𝒐 

(°C) 

4.006 4.798 0.792 

4.006 4.797 0.791 

15.003 15.537 0.534 

15.004 15.464 0.460 

18.003 18.467 0.464 

18.014 18.218 0.204 

20.002 20.317 0.315 

20.001 20.151 0.150 

22.005 22.183 0.178 

22.005 22.183 0.178 

25.002 25.076 0.074 

25.002 25.076 0.074 

30.008 29.869 -0.139 

30.008 29.870 -0.138 

39.999 39.510 -0.489 

39.999 39.510 -0.489 

 

Note: 𝑇𝑖𝑜  is the temperature indicated by the pressure cell, and 𝑇𝑖𝑝  is the temperature indicated by the 

standard temperature sensor inserted into the pressure cell. 

 

The constants 𝑏0 and 𝑏1 of the adjustment curve (Figure 3), obtained by linear regression, are presented 

in Table X. 
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Figure 3. Adjustment curve of the temperature indicated by the standard sensor as a                              function 

of the temperature indicated by the pressure cell. 

 

Table X 

Constants of Equation (3) 

Constant Value 

b0 0.9799 

b1 0.9635 

 

Using the experimental data presented in Tables XI, XII, XIII, and XIV for each reference liquid, 

Equation (6) was determined by multiple linear regression to establish the pressure calibration curve of 

the cell at temperatures of 4 °C, 15 °C, 20 °C, 25 °C, and 40 °C (277.15 K, 288.15 K, 293.15 K, 298.15 

K, and 313.15 K, respectively) and at pressures of 0.1 MPa, 2.5 MPa, 5.0 MPa, 7.5 MPa, 10.0 MPa, and 

15.0 MPa. The density values of the reference liquids were obtained using a pycnometer during the 

density measurements. 

 

Table XI 

Density values of n-nonane indicated by the pressure cell (𝝆𝑳𝒊) and reference density values (𝝆𝑳𝒓𝒆𝒇.) [11] 

under the same temperature and pressure conditions 

𝑻𝑳𝒊 

(°C) 

𝑷𝑳𝒊 

(MPa) 

𝝆𝑳𝒊 

(g/cm³) 

𝝆𝑳𝒓𝒆𝒇. 

(g/cm³) 

3.995 0.10 0.73015 0.73010 

15.000 0.10 0.72169 0.72179 

20.001 0.10 0.71816 0.71800 

24.999 0.10 0.71407 0.71420 
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40.005 0.10 0.70274 0.70274 

3.994 2.50 0.73231 0.73205 

15.000 2.50 0.72402 0.72374 

20.002 2.50 0.72037 0.71995 

24.998 2.50 0.71646 0.71615 

40.003 2.50 0.70476 0.70469 

3.998 5.00 0.73440 0.73404 

15.000 5.00 0.72619 0.72573 

20.002 5.00 0.72197 0.72194 

24.998 5.00 0.71881 0.71814 

40.002 5.00 0.70726 0.70668 

3.998 7.50 0.73651 0.73598 

15.000 7.50 0.72837 0.72768 

20.002 7.50 0.72391 0.72388 

24.997 7.50 0.72014 0.72009 

40.003 7.50 0.70885 0.71780 

3.999 10.00 0.73771 0.73789 

15.000 10.00 0.72952 0.72958 

20.003 10.00 0.7258 0.72579 

24.997 10.00 0.72208 0.72199 

40.003 10.00 0.71096 0.71053 

3.999 15.00 0.74106 0.74156 

15.000 15.00 0.73379 0.73325 

20.002 15.00 0.72944 0.72946 

24.999 15.00 0.72593 0.72566 

40.002 15.00 0.71420 0.71420 

 

Table XII 

Density values of n-dodecane indicated by the pressure cell (𝝆𝑳𝒊) and reference density values (𝝆𝑳𝒓𝒆𝒇.) [12] 

under the same temperature and pressure conditions 

𝑻𝑳𝒊 

(°C) 

𝑷𝑳𝒊 

(MPa) 

𝝆𝑳𝒊 

(g/cm³) 

𝝆𝑳𝒓𝒆𝒇. 

(g/cm³) 

3.992 0.10 0.76028 0.76068 

14.999 0.10 0.75296 0.75296 

20.002 0.10 0.74943 0.74943 

25.001 0.10 0.74589 0.74590 

40.009 0.10 0.73521 0.73521 

3.991 2.50 0.76219 0.76229 

14.999 2.50 0.75432 0.75456 

20.002 2.50 0.75081 0.75103 

25.002 2.50 0.74736 0.74750 

40.004 2.50 0.73649 0.73682 

3.992 5.00 0.76413 0.76391 

15.001 5.00 0.75633 0.75619 

20.002 5.00 0.75288 0.75266 

25.002 5.00 0.74949 0.74912 

40.004 5.00 0.73869 0.73845 

3.999 7.50 0.76607 0.76549 

15.001 7.50 0.75850 0.75777 

20.003 7.50 0.75491 0.75424 

25.005 7.50 0.75070 0.75070 

40.004 7.50 0.74003 0.74003 

3.999 10.00 0.76760 0.76702 

15.001 10.00 0.75978 0.75930 

20.003 10.00 0.75590 0.75577 

25.004 10.00 0.75273 0.75224 
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40.001 10.00 0.74224 0.74156 

4.001 15.00 0.76996 0.76996 

15.001 15.00 0.76224 0.76224 

20.003 15.00 0.75871 0.75871 

25.003 15.00 0.75517 0.75517 

40.002 15.00 0.74450 0.74450 

 

Table XIII 

Density values of ethanol indicated by the pressure cell (𝝆𝑳𝒊) and reference density values (𝝆𝑳𝒓𝒆𝒇.) [13], [14] 

under the same temperature and pressure conditions 

𝑻𝑳𝒊 

(°C) 

𝑷𝑳𝒊 

(MPa) 

𝝆𝑳𝒊 

(g/cm³) 

𝝆𝑳𝒓𝒆𝒇. 

(g/cm³) 

4.010 0.10 0.80450 0.80382 

15.003 0.10 0.79523 0.79506 

20.002 0.10 0.79089 0.79099 

24.999 0.10 0.78667 0.78687 

39.999 0.10 0.77425 0.77420 

4.010 2.50 0.80636 0.80568 

15.003 2.50 0.79719 0.79692 

20.002 2.50 0.79289 0.79285 

24.998 2.50 0.78873 0.78873 

39.997 2.50 0.77579 0.77607 

4.000 5.00 0.80909 0.80848 

15.003 5.00 0.80005 0.79971 

20.002 5.00 0.79582 0.79564 

24.997 5.00 0.79173 0.79152 

39.997 5.00 0.77900 0.77886 

4.000 7.50 0.81087 0.81067 

15.003 7.50 0.80192 0.80189 

20.002 7.50 0.79773 0.79782 

24.997 7.50 0.79369 0.79371 

39.997 7.50 0.78110 0.78104 

4.000 10.00 0.81348 0.81272 

15.003 10.00 0.80467 0.80395 

20.002 10.00 0.80054 0.79988 

24.999 10.00 0.79655 0.79576 

39.996 10.00 0.78329 0.78310 

4.000 15.00 0.81717 0.81645 

15.000 15.00 0.80836 0.80768 

20.000 15.00 0.80423 0.80361 

25.000 15.00 0.80024 0.79949 

40.000 15.00 0.78786 0.78683 

 

 

Table XIV 

 Density values of water indicated by the pressure cell (𝝆𝑳𝒊) and reference density values (𝝆𝑳𝒓𝒆𝒇.) [15] 

under the same temperature and pressure conditions 

𝑻𝑳𝒊 

(°C) 

𝑷𝑳𝒊 

(MPa) 

𝝆𝑳𝒊 

(g/cm³) 

𝝆𝑳𝒓𝒆𝒇. 

(g/cm³) 

3.996 0.10 0.99987 1.00019 

14.993 0.10 0.99926 0.99910 

20.005 0.10 0.99821 0.99820 

25.004 0.10 0.99714 0.99705 
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40.004 0.10 0.99215 0.99206 

3.996 2.50 1.00145 1.00129 

14.993 2.50 1.00073 1.00020 

20.004 2.50 0.99976 0.99930 

25.006 2.50 0.99857 0.99814 

40.002 2.50 0.99325 0.99316 

3.997 5.00 1.00243 1.00243 

15.000 5.00 1.00140 1.00134 

20.005 5.00 1.00040 1.00044 

25.005 5.00 0.99925 0.99928 

40.002 5.00 0.99436 0.99430 

3.998 7.50 1.00360 1.00357 

15.003 7.50 1.00250 1.00248 

20.005 7.50 1.00160 1.00158 

24.998 7.50 1.00040 1.00043 

40.001 7.50 0.99544 0.99544 

3.997 10.00 1.00480 1.00471 

14.996 10.00 1.00370 1.00363 

20.004 10.00 1.00270 1.00272 

24.996 10.00 1.00150 1.00157 

40.002 10.00 0.99652 0.99658 

3.996 15.00 1.00720 1.00700 

14.998 15.00 1.00600 1.00591 

20.005 15.00 1.00490 1.00501 

24.998 15.00 1.00370 1.00386 

40.004 15.00 0.99865 0.99887 

 

The values of the constants 𝑑0, 𝑑1, 𝑑2, 𝑑3, 𝑑4, 𝑑5, 𝑑6, 𝑑7, 𝑑8 are shown in Table XV. 

 

Table XV 

Values of the constants of Equation (6) 

Constant Value 

d0 0.009163 g/cm³ 

d1 0.977794 

d2 0.013037 (g/cm³)−1 

d3 2.09237 × 10−6 g/(cm³·°C) 

d4 −4.91365 × 10−9 g/(cm³·°C²) 

d5 −3.68076 × 10−6 g/(cm³·MPa²) 

d6 1.35105 × 10−8 g/(cm³·MPa4) 

d7 −6.54144 × 10−8 g/(cm³·MPa²·°C) 

d8 1.87645 × 10−6 g/(cm³·MPa²) 

 

Table XVI presents the uncertainty budget used to determine the expanded uncertainty associated with 

the pressure cell calibration curve obtained with Equation (6), along with the contribution of each input 

quantity to this uncertainty. 

Table XVI 

 Uncertainty budget for the pressure cell calibration curve 

Input 

quantity 

(𝑿𝒊) 

Standard 

uncertainty 

𝒖(𝑿𝒊) 

Distribution 

type 

Sensitivity coefficient  

(𝑪𝒊)  

Uncertainty 

contribution 

 𝒖𝒊(𝒚) (g/cm³) 

𝑇𝐿𝑖 4.101 × 10−2 °C normal 2.678 × 10−5 g/(cm³·°C) 1.10 × 10−6 

𝑃𝐿  1.500 × 10−2 MPa normal −4.128 × 10−7 g/(cm³·MPa) −6.19 × 10−9 
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𝜌𝐿𝑟𝑒𝑓. 1.397 × 10−4 g/cm³ Student’s t 1 1.40 × 10−4 

R 2.887 × 10−6 g/cm³ rectangular 1 2.89 × 10−6 

𝛿(𝜌𝐿𝐶) 
−2.871 × 10−5 

g/cm³ 
rectangular 1 −2.87 × 10−5 

 

The relative expanded uncertainty associated with the calibration curve of Equation (6) is 0.00030 g/cm³, 

for a coverage factor of 2.058 (95% confidence level). It applies to a density range from 0.7033 g/cm³ 

to 1.0064 g/cm³, a temperature range from 277.15 K to 313.15 K, and a pressure range from 0.1 MPa 

to 15.0 MPa. 

 

To evaluate the quality of the adopted calibration curve (Equation (6)), the reduced chi-square (𝜒𝜐
2) [5] 

was used. 

   

The results shown in Table XVII indicate that 𝜒𝜐
2 is less than 1, confirming that Equation (6), adopted 

as the calibration curve of the DMA HP pressure cell, is appropriately defined under the calibration 

conditions. Therefore, Equation (6) can be used to determine the density of various liquids from 0.7033 

g/cm³ to 1.0064 g/cm³, at temperatures from 4 °C to 40 °C (277.15 K to 313.15 K) and at pressures up 

to 15 MPa, with an expanded uncertainty of 0.00030 g/cm³. 

  

Table XVII 

 Parameters for calculating the reduced chi-square (𝝌𝝊
𝟐) of the calibration curve adopted for the 

pressure cell 

Parameter 

 

Value 

𝜒2  533.3948 

Number of measurements (N) 600 

Degrees of freedom (ν)  599 

𝜒𝜐
2  0.9 

 

To verify the reliability of the density results obtained with Equation (6) for the liquids measured in the 

pressure cell, the normalized error (En) was calculated [23]. The En values were evaluated according to 

the following criteria: if |En| ≤ 1, the values are considered compatible; if |En| > 1, the values are not 

compatible, and corrective action is required for the measurement. In this analysis, density results for 

the liquids reported in the reference articles [19]–[22] were used as reference values. The normalized 

error was calculated with the following equation: 

 

𝐸𝑛 =
𝜌𝐿𝐶 − 𝜌𝑟𝑒𝑓

√𝑈(𝜌𝐿𝐶)2 + 𝑈(𝜌𝑟𝑒𝑓)
2

                                                                                              (18) 
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where LC is the density of the liquid obtained with Equation (6), ref is the density of the liquid reported 

in the reference articles, U(LC) is the expanded uncertainty associated with this measurement, and 

U(ref) is the expanded uncertainty associated with the reference density. The normalized errors for the 

analyzed temperature and pressure conditions are presented in Tables XVIII, XIX, XX, and XXI.   

 

Table XVIII 

 

Evaluation of the liquid density results obtained with Equation (6) against the reference values at 20 

°C and 0.1 MPa 

Reference Liquid LC 

(g/cm³) 

U(LC) 

(g/cm³) 

ref 

(g/cm³) 

U(ref) 

(g/cm³) 

𝐸𝑛 

[19] n-Nonane 0.71854 0.00030 0.71815 0.00040 0.78 

[20] n-Dodecane  0.74931 0.00030 0.7496 0.0015 −0.15 

[21] Ethanol 0.79069 0.00030 0.7896 0.0024 0.48 

[22] Water 0.99824 0.00030 0.99821 0.00001 0.09 

 

Table XIX 

 

Evaluation of the liquid density results obtained with Equation (6) against the reference values at 20 

°C and 5.0 MPa 

Reference Liquid LC 

(g/cm³) 

U(LC) 

(g/cm³) 

ref 

(g/cm³) 

U(ref) 

(g/cm³) 

𝐸𝑛 

[19] n-Nonane 0.72185 0.00030 0.72209 0.00040 −0.47 

[20] n-Dodecane  0.75265 0.00030 0.7530 0.0015 −0.22 

[21] Ethanol 0.79553 0.00030 0.7938 0.0024 0.73 

[22] Water 1.00037 0.00030 1.00040 0.00001 −0.11 

 

Table XX 

 

Evaluation of the liquid density results obtained with Equation (6) against the reference values at 40 

°C and 0.1 MPa 

Reference Liquid LC 

(g/cm³) 

U(LC) 

(g/cm³) 

ref 

(g/cm³) 

U(ref) 

(g/cm³) 

𝐸𝑛 

[19] n-Nonane 0.70281 0.00030 0.70235 0.00040 0.92 

[20] n-Dodecane  0.73521 0.00030 0.7348 0.0015 0.31 

[21] Ethanol 0.77411 0.00030 0.7722 0.0023 0.81 

[22] Water 0.99218 0.00030 0.99222 0.00001 −0.13 
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Table XXI 

 

Evaluation of the liquid density results obtained with Equation (6) against the reference values at 40 

°C and 5.0 MPa 

Reference Liquid LC 

(g/cm³) 

U(LC) 

(g/cm³) 

ref 

(g/cm³) 

U(ref) 

(g/cm³) 

𝐸𝑛 

[19] n-Nonane 0.70722 0.00030 0.70679 0.00040 0.86 

[20] n-Dodecane  0.73851 0.00030 0.7365 0.0015 −0.07 

[21] Ethanol 0.77874 0.00030 0.77695 0.0023 0.76 

[22] Water 0.99431 0.00030 0.99436 0.00001 −0.18 

 

 

The normalized errors range from −0.47 to 0.92, as presented in Tables XVIII, XIX, XX, and XXI, 

indicating compatibility between the density values obtained with Equation (6) and the reference values. 

 

7. Applications 

 

The calibration methodology developed in this work can be applied to several activities involving 

density measurements under controlled temperature and pressure conditions. One important application 

is the calibration of steel pycnometers used to determine the density of liquids under pressure. Since the 

proposed system provides traceable density measurements with known uncertainty, it can be used as a 

reference system for pycnometer calibration. 

Another important application is the determination of liquid density over a wide range of temperatures 

and pressures. This capability is particularly useful for fuels, biofuels, petroleum products, and other 

industrial fluids whose density varies significantly with thermodynamic conditions. 

The calibrated pressure cell may also be used for the calibration and verification of other pressure cells 

and density measurement systems operating under similar conditions. In this context, the methodology 

contributes to establishing the metrological traceability and comparability of measurement results. 

In addition, the proposed system can support activities in the petroleum and energy sectors, including 

custody transfer operations, process control, and the characterization of fuels and biofuels. Reliable 

density measurements under pressure are essential for volume correction procedures, inventory control, 

and commercial transactions involving liquid products. 

Therefore, the methodology presented in this work extends the applicability of digital densimeters 

equipped with external pressure cells and provides a practical tool for metrology laboratories and 

industrial users who require accurate density measurements under varying pressure and temperature 

conditions. 
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8. Conclusions 

 

With the pressure cell and all its instruments properly calibrated, this system can be used for a variety 

of applications within a temperature range from 4 °C to 40 °C (277.15 K to 313.15 K) and a pressure 

range from 0.1 MPa to 15.0 MPa, including pycnometer calibration, the measurement of liquid densities 

from 0.7033 g/cm³ to 1.0064 g/cm³, and the calibration of other pressure cells. 

  

The normalized errors (En) of the liquid density measurements obtained with Equation (6) lie between 

−1 and 1, which indicates that the results are compatible with the reference values. 

 

It is worth emphasizing that the accurate determination of density is crucial because density is an 

important property in the custody transfer of fluids and in other applications, such as the characterization 

of fuels and biofuels [8], [16]–[18]. 
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