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Abstract
Context: This research presents two main results: (i) the application of deep learning 
networks for the classification of transient overvoltage in the frequency domain, and 
(ii) the physical-mathematical formulation for the coupling of atmospheric electrical 
discharges in polarized media in the frequency domain.
Method: Initially, transient overvoltage records resulting from atmospheric electrical 
discharges were obtained from simulations in EMTP-ATP software, using the IEEE 13-
node distribution network as a reference. Each transient overvoltage was transformed 
from the time domain to the frequency domain via the Fast Fourier Transform. 
Subsequently, the neural networks were trained, and their results were compared. For 
indirect lightning strikes, a complex-variable analysis of permittivity and permeability 
was performed. These variables were applied to the lightning coupling model in 
distribution lines or networks.
Results: Classification accuracies of 80 and 89.99% were achieved for transient 
overvoltage using the GoogLeNet and Python-ChatGPT neural networks, respectively. 
Furthermore, this work presents the coupling expression for atmospheric electrical 
discharges in polarized media.
Conclusions: The classification of transient overvoltage records using deep-layer 
neural networks and the physical-mathematical expression for lightning coupling in 
the frequency domain through complex variables allows for a broader understanding 
of the network response to this type of natural phenomenon.
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Resumen

Contexto: Esta investigación presenta dos resultados principales: (i) la aplicación de redes de aprendizaje profundo 
para la clasificación de sobretensiones transitorias en el dominio de la frecuencia y (ii) la formulación fisicomatemática 
para el acoplamiento de descargas eléctricas atmosféricas en medios polarizados en el dominio de la frecuencia.
Método: Inicialmente, se obtuvieron registros de sobretensiones transitorias producto de descargas eléctricas 
atmosféricas, a partir de simulaciones en el software EMTP-ATP, tomando como referencia la red de distribución 
IEEE de 13 nodos. Las sobretensiones transitorias fueron transformadas del dominio del tiempo al dominio de la 
frecuencia mediante la aplicación de la transformada rápida de Fourier. Posteriormente, se entrenaron las redes 
neuronales y se compararon sus resultados. Para descargas eléctricas por impacto indirecto, se realizó un manejo en 
variable compleja de la permitividad y la permeabilidad, las cuales fueron aplicadas al modelo de acoplamiento de 
rayos en líneas o redes de distribución.
Resultados: Se alcanzó una exactitud de 80 y 89.99 % en la clasificación de sobretensiones transitorias para las redes 
neuronales GoogLeNet y Python-ChatGPT respectivamente. Por otra parte, este trabajo presenta la expresión de 
acoplamiento de descargas eléctricas atmosféricas en medios polarizados.
Conclusiones: La clasificación de sobretensiones transitorias mediante redes neuronales de capa profunda y la 
expresión fisicomatemática de acoplamiento del rayo en el dominio de la frecuencia mediante variables complejas 
permite ampliar la comprensión de la respuesta de la red ante este tipo de fenómenos naturales.

Palabras clave: inteligencia artificial, descarga eléctrica atmosférica, medios polarizados, dominio de la frecuencia, 
redes de aprendizaje profundo
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1. Introduction

Transient overvoltage in medium-voltage networks occurs due to direct or indirect lightning strokes 
[1]-[12]. Direct strokes on any phase conductors are caused by the absence of guard cables in the grid or 
by low-intensity lightning currents for which the attraction radius of said cables is insufficient. On the 
other hand, indirect strokes occur due to the coupling of the wave propagating through the air to the 
network. The physical-mathematical expression for this can be found in the scientific literature [13]-[24]. 

The classification of direct lightning strokes on medium-voltage networks allows developing 
appropriate investment and maintenance plans. This allows optimizing the CAPEX/OPEX of companies, 
utilities, and other related entities. On the other hand, improving the shielding of medium-voltage 
networks in rural areas, as well as implementing comprehensive lightning protection systems, has a 
positive impact on the service quality for end-users with sensitive loads. Improving the design of 
comprehensive lightning protection systems based on the characterization of surge records allows 
improving operation and maintenance processes, making the installation safe for network operators.

The purpose of this work is to continue with the analysis of previously conducted research detailing 
the composition of the IEEE 13-node test feeder, specifically the lightning current generator, the surge 
arresters, and the grounding system, among others [18], [25]-[30]. The second section of this article 
provides a brief description of said feeder in order to contextualize the progress made. GoogLeNet, 
Python, and ChatGPT were used to classify transient overvoltage records taken the head of the feeder 
(i.e., on the secondary side of the 34.5/13.2 kV transformer), as presented in the third section. The reader 
may consult additional works conducted with artificial intelligence techniques in [13]-[16], [31]-[35]. The 
fourth and fifth sections detail the methodology and the analyses conducted regarding the accuracy and 
results obtained with our neural network-based approach. The sixth part of this research presents the 
physical-mathematical contribution to the coupling of atmospheric lightning discharges in polarized 
media. Throughout this section, the authors provide a detailed formulation of complex permittivity and 
permeability, together with a new proposal for its application within the Taylor model [23]. The final part 
of this document presents the conclusions drawn from our work.

2. Testing system

Our evaluation of the frequency response resulting from lightning captured at the head of the 
medium-voltage (MV) grid covers the frequency spectrum up to 4 kHz.

2.1 IEEE test feeder

The IEEE 13-node test feeder was taken as a reference to characterize the transient overvoltage 
resulting from direct lightning strokes in MV networks. Fig. 1 shows the system implemented in the 
EMTP-ATP software.
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Figure 1. IEEE 13-node test feeder

In order to adequately assess the transient overvoltage transfer, the high-frequency model of the 
network’s constituents was included. As an example, the capacitive coupling model between transformer 
windings had a value of 5 pF. On the other hand, to assess flashover in the network due to dielectric stress, 
the insulation coordination model in the medium voltage structures considered the basic insulation level 
(BIL) and the critical flashover (CFO). For the specific case of the selected region of Colombia, the BIL value 
included the altitude correction factor, considering an altitude of 2600 m above sea level. In addition, we 
included correction for environmental pollution, rated as moderate to high, and a grounding system, 
which considered an impedance at neutral bushing for the HV/MV transformers. Therefore, the BIL 
values were 95-170 kV [36]. The surge arresters were only located in the transformers [5], [37]-[44].

Direct lightning strokes were distributed along sections 632-633, 671-680, and 632-671. Section 632-
671 was divided into ten parts, with strokes covering 10, 50, and 90% of the network.

The point of registration for transient overvoltage resulting from direct lightning strokes was the 
transformer head, located between nodes 650 and 632 on the secondary side, with a voltage level of 13.2 
kV.

2.2 Current pulse generator

Lightning has an 8/20 µs waveform, with peak currents of 3, 10, 20, 50, 80, and 100 kA. The direct 
strokes on the IEEE 13-node network occurred in phases A and C. Fig. 2 present the generated current 
waveform.
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Figure 2. Current transient signal with an 8/20 µs waveform

The selection of the previously listed current magnitudes was based on the CIGRE and IEEE stroke 
current probability curves (Fig. 3), thereby ensuring that our study covered the spectrum of possible 
magnitudes in the analyzed geographic area [6], [45]-[47].

The IEEE 1410-2010 standard presents the statistical distribution of measurements obtained from 
towers, with a mean value of 31 kA [45], [48]. In IEEE 998-2012, the mean value ranges from 24 to 31 kA, 
and, in IEEE 1243-1997, the normalized mean value is 31 kA. This value is 31.1 kA in CIGRE 63 [49]-[51].

Throughout the Colombian territory, the distribution of positive and negative discharges is 31 and 
69% with respect to the total lightning strokes [36]. It is noteworthy that 50% of the cloud-to-ground 
lightning equals or exceeds the value of 35 kA.
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Figure 3. CIGRE and IEEE stroke current probability curves, first stroke Negative downward flash [4].

3. GoogLeNet, Python, and ChatGPT

The GoogLeNet deep learning neural network was implemented in MATLAB’s Deep Network 
Designer, with a depth of 22, a size of 27 MB, seven million parameters, and an image input size of 224 x 
224 pixels. The dataset used in this research contained RGB-type images, so we had to condition them to 
a size of 224 x 224 x 3 as an input parameter for the network. Fig. 4 depicts the architecture of the neural 
network.

Figure 4. GoogLeNet neural network architecture in MATLAB

The final blocks of GoogLeNet were adapted, ensuring a correct response to the number of classes 
entered. The ClassOutput layer (i.e., the last one) and the FullyConnected layer were replaced to support 
five classes. Fig. 5 shows the replaced layers.
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Figure 5. Replaced GoogLeNet layers

Table I presents the pseudocode for our neural network, which was developed in collaboration with 
ChatGPT [52]. The optimal hyperparameters are as follows: filters_1: 64, kernel_size_1: 4, conv_layers: 3, 
filters_2: 96, kernel_size_2: 5, units: 320, learning_rate: 0.001, filters_3: 32, kernel_size_3: 3, filters_4: 80, 
kernel_size_4: 3.

Table I. Pseudocode for the Python neural network developed in collaboration with ChatGPT

Input: Image dataset distributed into five classes.
Output: trained and validated neural network for image classification

|1| **Mount Google Drive**|
|2| Import necessary libraries: pandas, tensorflow, sklearn.model_selection|

|3| Define dataset_path|
|4| Define function create_dataframe_from_images(dataset_path) |

|5| Call create_dataframe_from_images(dataset_path) and assign it to image_df|
|6| Print image_df.head()|

|7| Import matplotlib.pyplot and cv2|
|8| Define function visualize_dataset_per_class(df, num_samples)|
|9| Call visualize_dataset_per_class(image_df, num_samples=5)|

|10| Define datagen|
|11| Define train_generator|

|12| Define validation_generator|
|13| Import keras, layers, kerastuner|

|14| Define function model_builder(hp) |
|15| Define tuner|

|16| Define class ClearTrainingOutput(tf.keras.callbacks.Callback)|
|17| Execute tuner.search() with specified arguments and callbacks|

|18| Get the best hyperparameters with tuner.get_best_hyperparameters(num_trials=1)[0]|
| 19| Print best hyperparameters|

|20| Import EarlyStopping and define early_stopping|
|21| Build model with tuner.hypermodel.build(best_hps)|

|22| Train the model with the specified parameters and callbacks|
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4. Methodology 

Initially, the IEEE 13-node feeder was modeled in the EMTP-ATP software, in order to record the 
transient overvoltage from direct lightning strokes at the head of the network. Subsequently, the records 
were converted from the time domain to the frequency domain using the MATLAB software.

Once the five dataset classes with transient signals in the frequency domain had been constructed, the 
neural networks were performed in MATLAB and Python-ChatGPT. Fig. 6 presents the transformation 
of the transient signal. The transient signal in the time domain has no scaling regarding the overvoltage 
magnitude. Fig. 6 shows the records of direct lightning stroke, measured at the head of the feeder (20 kA 
at L632-671, 10% distance from L632 node).

 
Figure 6. Transient signals in the time and frequency domains

5. Analysis of the results

The dataset was composed of 60 records of transient overvoltage in the frequency domain. As an 
example, Fig. 7 shows the frequency response of nine records with return stroke currents of 3, 50, and 100 
kA and a waveform of 8/20 µs in phase C. The impact points with records of 13.2 kV at the feeder head 
are L632-633, L632-671 (50% distance from L632 node), and L671-680.

The format of the transient overvoltage records was PNG (Portable Network Graphics) format. 
The distribution of the dataset was 70% for training and 30% for testing in GoogLeNet. As for Python-
ChatGPT, the distribution was 80% for training and 20% for testing.

Fig. 7 shows that, as the distance from the lightning stroke to the measurement point increases, 
frequencies above 1 kHz are attenuated. Therefore, the system behaves like a low-pass filter, which is 
consistent with the capacitive model of MV networks, the operation of surge arresters, and the electrical 
disruption of the insulator chain (pin insulator) of the poles supporting the MV overhead conductors, 
among other aspects.
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On the other hand, frequencies below 1 kHz experience an increase in magnitude in some cases, 
given the reflection caused by changes in the characteristic impedance along the different branches of the 
MV system.

3 kA L632-633 50 kA L632-633 100 kA L632-633

3 kA L632-671 Lightning 50 %

3 kA L671-680

50 kA L632-671 Lightning 50 %

50 kA L671-680

100 kA L632-671 Lightning 50 %

100 kA L671-680

Figure 7. Frequency-domain transient overvoltage records from the feeder head

Table II presents the parameterization of each trained instance of GoogLeNet along with its accuracy. 
The best results were obtained by Network 3, with a value of 80%.

Table II. Summary of the parameters used for our instances of the GoogLeNet deep learning network

Trained 
network

Validation 
frequency

Max
epochs

MiniBatch
size

Validation 
accuracy [%]

E1 1 200 12 60
2 10 150 10 50
3 1 200 24 80
4 1 200 36 60
5 24 150 24 75
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trainedNetwork_5 and trainedNetwork_6 reported accuracies of 85 and 45%, respectively. These are 
the pretrained neural networks with the best and worst results. The difference in their parameterization 
corresponds to the MiniBatch size: 12 for trainedNetwork_5 and 24 for trainedNetwork_6. All neural 
networks were trained with the Adam solver, selecting the best evaluation point.

Four images from the dataset were evaluated to appropriately classify the frequency transient 
overvoltage measured at the 13.2 kV feeder head. The results of said classification show an adequate 
response when it comes to identifying direct lightning strokes with a peak value of 20 kA. Fig. 8 (1:1) shows 
a direct stroke in network segment L632-633. The (1:2) image reports a direct stroke in network segment 
L632-671, covering 90% of the line. The (2:1) image shows a direct stroke in network segment L632-671, 
covering 10% of the line, and the (2:2) image reports a direct stroke in network segment L671-680. 

(1:1) (1:2)

(2:1) (2:2)

Figure 8. Image classification of the dataset

Fig. 9 presents the CDF and PDF of the confidence analysis for each of the segments containing the 
frequency response images. It should be highlighted that segments L671-680 and L632-671 exhibit the 
highest confidence during image classification, with values above 90%. Sections L632-671 (10%) and 
L632-633 (50%), with similar characteristic impedances for MV networks, tend to compromise confidence. 
However, a confidence percentage above 70% can be estimated for L632-633, L632-671 (10 and 90%), and 
L761-680 when classifying the frequency response.
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Figure 9. CDF and PDF of the confidence analysis of the segments

Proper modeling of a MV network, which includes the PI model of the network and the surge arresters, 
the capacitive impedances of transformers, the frequency response of the grounding system, the capacitive 
model of the underground cables (e.g., section L692-675), and the tuning (or not) of the characteristic 
impedances, allows filtering multiples of the system’s fundamental component. For example, the PI 
model of the transmission line behaves as a second-order filter for signal filtering. Therefore, at impact 
points far from the head of the MV circuit, where the transient overvoltage is recorded, it exhibits a better 
response for the classification of frequency response images.

When evaluating the confidence results for sections L632-671 and L632-633, considering the impact of 
a 20 kA atmospheric electrical discharge on phases A and C, note that the classification is compromised 
since they have very similar reflection coefficients, which is caused by changes in characteristic impedance.

Figs. 10 and 11 present the evolution of the loss and accuracy variables for each epoch for the 
neural network developed using with ChatGPT, which was implemented in the Google Colab Python 
environment. The maximum overfitting values for accuracy and loss are 0.3237 at epoch 6 and 0.3585 at 
epoch 35. The average overfitting values are 0.1269 and 0.1128, respectively.

From a maintenance, construction, and design engineering perspective, identifying the lightning 
impact point would enable a faster restoration of the power supply and positively impact service quality 
indicators such as the SAIDI/SAIFI [53]. Some studies have shown that the impacts of atmospheric 
electrical discharges on the shield wires of the transmission lines can deteriorate optical ground wires 
(OPGWs) (on average, 36 pairs of fiber optic cables) [54], [55], which enable communication for various 
substation services (e.g., channel 85 for line differentials; the acceleration of tripping zones in the 
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backup functions 21/21N in POTT schemes, which have a zone 2 comparison; and 67N, with directional 
comparison; among others) [56], [57]. This type of communication is structured using single-mode fiber 
optic, and some fibers that are not active—also known as dark fibers—are arranged in pair organizers in 
the substation [56]-[72].

Figure 10. Evolution of the loss variable with respect to each epoch

Figure 11. Evolution of the accuracy variable with respect to each epoch

Some illuminated fiber optic pairs are used for communication between the substation and the 
telecontrol (SCADA) center. The information transmitted through these channels is structured in frames 
following the IEC 60870-5-104 standard, which is supported by TCP/IP addressing. Before leaving the 
substation, the structured frame is formed in the gateway, which functions as a translator from the IEC 
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61850/DNP3 (distributed network protocol) standard to IEC 60870-5-104 [73]-[76]. Subsequently, it is 
routed through the substation firewall-router via multimode fiber. Finally, it is arranged in the optical 
distribution frame’s (ODF) fiber optic pair before exiting the substation through the transmission line 
[67]-[70].

Failures in the illuminated fiber optic pairs require lighting dark fibers, thus reducing the availability 
of single-mode optical fibers. For example, in some communication architectures, it is possible to use 
equipment for data transmission serialization/multiplexing. This helps to reduce the physical occupation 
of communication channels [78]-[81]. On the other hand, the characterization of transient overvoltage 
resulting from direct lightning strokes allows designing adequate electrical infrastructure to favor 
operation and ensure safety and health conditions for network operators.

6. Mathematical contribution to electromagnetic coupling

The authors propose two physical-mathematical contributions in the frequency domain. The first 
one enhances the complex expression for permittivity and permeability, with applications in transverse 
electromagnetic (TEM) fields with arbitrary propagation, which was initially introduced in [84]. The 
second contribution applies complex permittivity and permeability expressions to the coupling of 
lightning on transmission lines.

Initially, the authors stated [84] that all media incur losses, both conductive and dielectric-polarization 
losses. Therefore, for linear isotropic media, constitutive relations are given by the following differential 
equations for the fields E  and H :

Eqs. (1) and (2) can be expressed as presented below:

The complex permittivity ( )wε  and the complex permeability ( )wµ   are defined as follows:

https://doi.org/10.14483/23448393.23305  
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′′  𝑯𝑯      (8) 

 
Maxwell’s equations in complex form are as follows: 
 

𝛁𝛁𝒙𝒙𝑬𝑬 = −𝒋𝒋𝒋𝒋𝝁𝝁(𝒘𝒘)̇  𝑯𝑯 = −𝒋𝒋𝒋𝒋𝝁𝝁(𝒘𝒘)
′  𝑯𝑯 − 𝒘𝒘𝝁𝝁(𝒘𝒘)

′′  𝑯𝑯    (9) 
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designing adequate electrical infrastructure to favor operation and ensure safety and health 
conditions for network operators. 
 
6. Mathematical contribution to electromagnetic coupling 

The authors propose two physical-mathematical contributions in the frequency domain. The 
first one enhances the complex expression for permittivity and permeability, with 
applications in transverse electromagnetic (TEM) fields with arbitrary propagation, which 
was initially introduced in [84]. The second contribution applies complex permittivity and 
permeability expressions to the coupling of lightning on transmission lines. 
Initially, the authors stated [84] that all media incur losses, both conductive and dielectric-
polarization losses. Therefore, for linear isotropic media, constitutive relations are given by 
the following differential equations for the fields 𝐸𝐸 and 𝐻𝐻: 
 

𝑫𝑫 = 𝜺𝜺𝑬𝑬 + 𝜺𝜺𝟏𝟏
𝝏𝝏𝑬𝑬
𝝏𝝏𝝏𝝏 + 𝜺𝜺𝟐𝟐

𝝏𝝏𝟐𝟐𝑬𝑬
𝝏𝝏𝒕𝒕𝟐𝟐 + ⋯      (1) 

𝑩𝑩 = 𝝁𝝁𝑯𝑯 + 𝝁𝝁𝟏𝟏
𝝏𝝏𝑯𝑯
𝝏𝝏𝝏𝝏 + 𝝁𝝁𝟐𝟐

𝝏𝝏𝟐𝟐𝑯𝑯
𝝏𝝏𝒕𝒕𝟐𝟐 + ⋯      (2)  

 

Eqs. (1) and (2) can be expressed as presented below: 
 

𝑫𝑫 = 𝜺𝜺𝑬𝑬 + 𝒋𝒋𝒋𝒋𝜺𝜺𝟏𝟏 𝑬𝑬 − 𝒘𝒘𝟐𝟐𝜺𝜺𝟐𝟐 𝑬𝑬 − 𝒋𝒋𝒘𝒘𝟑𝟑𝜺𝜺𝟑𝟑 𝑬𝑬 +⋯    (3) 

𝑩𝑩 = 𝜺𝜺𝑯𝑯 + 𝒋𝒋𝒋𝒋𝝁𝝁𝟏𝟏 𝑯𝑯 − 𝒘𝒘𝟐𝟐𝝁𝝁𝟐𝟐 𝑯𝑯 − 𝒋𝒋𝒘𝒘𝟑𝟑𝝁𝝁𝟑𝟑 𝑯𝑯 +⋯    (4) 

 
The complex permittivity 𝜀𝜀(𝑤𝑤)̇  and the complex permeability 𝜇𝜇(𝑤𝑤)̇  are defined as follows: 

 
𝜺𝜺(𝒘𝒘)̇ = 𝜺𝜺′(𝒘𝒘) − 𝒋𝒋𝜺𝜺′′(𝒘𝒘)      (5) 

𝝁𝝁(𝒘𝒘)̇ = 𝝁𝝁′(𝒘𝒘) − 𝒋𝒋𝝁𝝁′′(𝒘𝒘)      (6) 

 
Thus, the constitutive relations take the following complex form: 
 

𝑫𝑫 = 𝜺𝜺(𝒘𝒘)̇  𝑬𝑬 = 𝜺𝜺(𝒘𝒘)′  𝑬𝑬 − 𝒋𝒋𝜺𝜺(𝒘𝒘)′′  𝑬𝑬      (7) 

𝑩𝑩 = 𝝁𝝁(𝒘𝒘)̇  𝑯𝑯 = 𝝁𝝁(𝒘𝒘)
′  𝑯𝑯 − 𝒋𝒋𝝁𝝁(𝒘𝒘)

′′  𝑯𝑯      (8) 

 
Maxwell’s equations in complex form are as follows: 
 

𝛁𝛁𝒙𝒙𝑬𝑬 = −𝒋𝒋𝒋𝒋𝝁𝝁(𝒘𝒘)̇  𝑯𝑯 = −𝒋𝒋𝒋𝒋𝝁𝝁(𝒘𝒘)
′  𝑯𝑯 − 𝒘𝒘𝝁𝝁(𝒘𝒘)

′′  𝑯𝑯    (9) 
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designing adequate electrical infrastructure to favor operation and ensure safety and health 
conditions for network operators. 
 
6. Mathematical contribution to electromagnetic coupling 

The authors propose two physical-mathematical contributions in the frequency domain. The 
first one enhances the complex expression for permittivity and permeability, with 
applications in transverse electromagnetic (TEM) fields with arbitrary propagation, which 
was initially introduced in [84]. The second contribution applies complex permittivity and 
permeability expressions to the coupling of lightning on transmission lines. 
Initially, the authors stated [84] that all media incur losses, both conductive and dielectric-
polarization losses. Therefore, for linear isotropic media, constitutive relations are given by 
the following differential equations for the fields 𝐸𝐸 and 𝐻𝐻: 
 

𝑫𝑫 = 𝜺𝜺𝑬𝑬 + 𝜺𝜺𝟏𝟏
𝝏𝝏𝑬𝑬
𝝏𝝏𝝏𝝏 + 𝜺𝜺𝟐𝟐

𝝏𝝏𝟐𝟐𝑬𝑬
𝝏𝝏𝒕𝒕𝟐𝟐 + ⋯      (1) 

𝑩𝑩 = 𝝁𝝁𝑯𝑯 + 𝝁𝝁𝟏𝟏
𝝏𝝏𝑯𝑯
𝝏𝝏𝝏𝝏 + 𝝁𝝁𝟐𝟐

𝝏𝝏𝟐𝟐𝑯𝑯
𝝏𝝏𝒕𝒕𝟐𝟐 + ⋯      (2)  

 

Eqs. (1) and (2) can be expressed as presented below: 
 

𝑫𝑫 = 𝜺𝜺𝑬𝑬 + 𝒋𝒋𝒋𝒋𝜺𝜺𝟏𝟏 𝑬𝑬 − 𝒘𝒘𝟐𝟐𝜺𝜺𝟐𝟐 𝑬𝑬 − 𝒋𝒋𝒘𝒘𝟑𝟑𝜺𝜺𝟑𝟑 𝑬𝑬 +⋯    (3) 

𝑩𝑩 = 𝜺𝜺𝑯𝑯 + 𝒋𝒋𝒋𝒋𝝁𝝁𝟏𝟏 𝑯𝑯 − 𝒘𝒘𝟐𝟐𝝁𝝁𝟐𝟐 𝑯𝑯 − 𝒋𝒋𝒘𝒘𝟑𝟑𝝁𝝁𝟑𝟑 𝑯𝑯 +⋯    (4) 

 
The complex permittivity 𝜀𝜀(𝑤𝑤)̇  and the complex permeability 𝜇𝜇(𝑤𝑤)̇  are defined as follows: 

 
𝜺𝜺(𝒘𝒘)̇ = 𝜺𝜺′(𝒘𝒘) − 𝒋𝒋𝜺𝜺′′(𝒘𝒘)      (5) 

𝝁𝝁(𝒘𝒘)̇ = 𝝁𝝁′(𝒘𝒘) − 𝒋𝒋𝝁𝝁′′(𝒘𝒘)      (6) 

 
Thus, the constitutive relations take the following complex form: 
 

𝑫𝑫 = 𝜺𝜺(𝒘𝒘)̇  𝑬𝑬 = 𝜺𝜺(𝒘𝒘)′  𝑬𝑬 − 𝒋𝒋𝜺𝜺(𝒘𝒘)′′  𝑬𝑬      (7) 

𝑩𝑩 = 𝝁𝝁(𝒘𝒘)̇  𝑯𝑯 = 𝝁𝝁(𝒘𝒘)
′  𝑯𝑯 − 𝒋𝒋𝝁𝝁(𝒘𝒘)

′′  𝑯𝑯      (8) 

 
Maxwell’s equations in complex form are as follows: 
 

𝛁𝛁𝒙𝒙𝑬𝑬 = −𝒋𝒋𝒋𝒋𝝁𝝁(𝒘𝒘)̇  𝑯𝑯 = −𝒋𝒋𝒋𝒋𝝁𝝁(𝒘𝒘)
′  𝑯𝑯 − 𝒘𝒘𝝁𝝁(𝒘𝒘)

′′  𝑯𝑯    (9) 
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Thus, the constitutive relations take the following complex form:

Maxwell’s equations in complex form are as follows:

For a conductive medium,  σ  and ( )
''
wwε are factors of the same type. Eq. 10 can be rewritten in the 

same way:

where

The loss tangent is

In a lossy medium, the complex wave equations (Helmholtz equations) are

From this point onward, the authors will decompose the complex permeability expression in order to 
explicitly identify the phase and attenuation coefficients, as shown in Eqs. (20)-(23):
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designing adequate electrical infrastructure to favor operation and ensure safety and health 
conditions for network operators. 
 
6. Mathematical contribution to electromagnetic coupling 

The authors propose two physical-mathematical contributions in the frequency domain. The 
first one enhances the complex expression for permittivity and permeability, with 
applications in transverse electromagnetic (TEM) fields with arbitrary propagation, which 
was initially introduced in [84]. The second contribution applies complex permittivity and 
permeability expressions to the coupling of lightning on transmission lines. 
Initially, the authors stated [84] that all media incur losses, both conductive and dielectric-
polarization losses. Therefore, for linear isotropic media, constitutive relations are given by 
the following differential equations for the fields 𝐸𝐸 and 𝐻𝐻: 
 

𝑫𝑫 = 𝜺𝜺𝑬𝑬 + 𝜺𝜺𝟏𝟏
𝝏𝝏𝑬𝑬
𝝏𝝏𝝏𝝏 + 𝜺𝜺𝟐𝟐

𝝏𝝏𝟐𝟐𝑬𝑬
𝝏𝝏𝒕𝒕𝟐𝟐 + ⋯      (1) 

𝑩𝑩 = 𝝁𝝁𝑯𝑯 + 𝝁𝝁𝟏𝟏
𝝏𝝏𝑯𝑯
𝝏𝝏𝝏𝝏 + 𝝁𝝁𝟐𝟐

𝝏𝝏𝟐𝟐𝑯𝑯
𝝏𝝏𝒕𝒕𝟐𝟐 + ⋯      (2)  

 

Eqs. (1) and (2) can be expressed as presented below: 
 

𝑫𝑫 = 𝜺𝜺𝑬𝑬 + 𝒋𝒋𝒋𝒋𝜺𝜺𝟏𝟏 𝑬𝑬 − 𝒘𝒘𝟐𝟐𝜺𝜺𝟐𝟐 𝑬𝑬 − 𝒋𝒋𝒘𝒘𝟑𝟑𝜺𝜺𝟑𝟑 𝑬𝑬 +⋯    (3) 

𝑩𝑩 = 𝜺𝜺𝑯𝑯 + 𝒋𝒋𝒋𝒋𝝁𝝁𝟏𝟏 𝑯𝑯 − 𝒘𝒘𝟐𝟐𝝁𝝁𝟐𝟐 𝑯𝑯 − 𝒋𝒋𝒘𝒘𝟑𝟑𝝁𝝁𝟑𝟑 𝑯𝑯 +⋯    (4) 

 
The complex permittivity 𝜀𝜀(𝑤𝑤)̇  and the complex permeability 𝜇𝜇(𝑤𝑤)̇  are defined as follows: 

 
𝜺𝜺(𝒘𝒘)̇ = 𝜺𝜺′(𝒘𝒘) − 𝒋𝒋𝜺𝜺′′(𝒘𝒘)      (5) 

𝝁𝝁(𝒘𝒘)̇ = 𝝁𝝁′(𝒘𝒘) − 𝒋𝒋𝝁𝝁′′(𝒘𝒘)      (6) 

 
Thus, the constitutive relations take the following complex form: 
 

𝑫𝑫 = 𝜺𝜺(𝒘𝒘)̇  𝑬𝑬 = 𝜺𝜺(𝒘𝒘)′  𝑬𝑬 − 𝒋𝒋𝜺𝜺(𝒘𝒘)′′  𝑬𝑬      (7) 

𝑩𝑩 = 𝝁𝝁(𝒘𝒘)̇  𝑯𝑯 = 𝝁𝝁(𝒘𝒘)
′  𝑯𝑯 − 𝒋𝒋𝝁𝝁(𝒘𝒘)

′′  𝑯𝑯      (8) 

 
Maxwell’s equations in complex form are as follows: 
 

𝛁𝛁𝒙𝒙𝑬𝑬 = −𝒋𝒋𝒋𝒋𝝁𝝁(𝒘𝒘)̇  𝑯𝑯 = −𝒋𝒋𝒋𝒋𝝁𝝁(𝒘𝒘)
′  𝑯𝑯 − 𝒘𝒘𝝁𝝁(𝒘𝒘)

′′  𝑯𝑯    (9) 
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designing adequate electrical infrastructure to favor operation and ensure safety and health 
conditions for network operators. 
 
6. Mathematical contribution to electromagnetic coupling 

The authors propose two physical-mathematical contributions in the frequency domain. The 
first one enhances the complex expression for permittivity and permeability, with 
applications in transverse electromagnetic (TEM) fields with arbitrary propagation, which 
was initially introduced in [84]. The second contribution applies complex permittivity and 
permeability expressions to the coupling of lightning on transmission lines. 
Initially, the authors stated [84] that all media incur losses, both conductive and dielectric-
polarization losses. Therefore, for linear isotropic media, constitutive relations are given by 
the following differential equations for the fields 𝐸𝐸 and 𝐻𝐻: 
 

𝑫𝑫 = 𝜺𝜺𝑬𝑬 + 𝜺𝜺𝟏𝟏
𝝏𝝏𝑬𝑬
𝝏𝝏𝝏𝝏 + 𝜺𝜺𝟐𝟐

𝝏𝝏𝟐𝟐𝑬𝑬
𝝏𝝏𝒕𝒕𝟐𝟐 + ⋯      (1) 

𝑩𝑩 = 𝝁𝝁𝑯𝑯 + 𝝁𝝁𝟏𝟏
𝝏𝝏𝑯𝑯
𝝏𝝏𝝏𝝏 + 𝝁𝝁𝟐𝟐

𝝏𝝏𝟐𝟐𝑯𝑯
𝝏𝝏𝒕𝒕𝟐𝟐 + ⋯      (2)  

 

Eqs. (1) and (2) can be expressed as presented below: 
 

𝑫𝑫 = 𝜺𝜺𝑬𝑬 + 𝒋𝒋𝒋𝒋𝜺𝜺𝟏𝟏 𝑬𝑬 − 𝒘𝒘𝟐𝟐𝜺𝜺𝟐𝟐 𝑬𝑬 − 𝒋𝒋𝒘𝒘𝟑𝟑𝜺𝜺𝟑𝟑 𝑬𝑬 +⋯    (3) 

𝑩𝑩 = 𝜺𝜺𝑯𝑯 + 𝒋𝒋𝒋𝒋𝝁𝝁𝟏𝟏 𝑯𝑯 − 𝒘𝒘𝟐𝟐𝝁𝝁𝟐𝟐 𝑯𝑯 − 𝒋𝒋𝒘𝒘𝟑𝟑𝝁𝝁𝟑𝟑 𝑯𝑯 +⋯    (4) 

 
The complex permittivity 𝜀𝜀(𝑤𝑤)̇  and the complex permeability 𝜇𝜇(𝑤𝑤)̇  are defined as follows: 

 
𝜺𝜺(𝒘𝒘)̇ = 𝜺𝜺′(𝒘𝒘) − 𝒋𝒋𝜺𝜺′′(𝒘𝒘)      (5) 

𝝁𝝁(𝒘𝒘)̇ = 𝝁𝝁′(𝒘𝒘) − 𝒋𝒋𝝁𝝁′′(𝒘𝒘)      (6) 

 
Thus, the constitutive relations take the following complex form: 
 

𝑫𝑫 = 𝜺𝜺(𝒘𝒘)̇  𝑬𝑬 = 𝜺𝜺(𝒘𝒘)′  𝑬𝑬 − 𝒋𝒋𝜺𝜺(𝒘𝒘)′′  𝑬𝑬      (7) 

𝑩𝑩 = 𝝁𝝁(𝒘𝒘)̇  𝑯𝑯 = 𝝁𝝁(𝒘𝒘)
′  𝑯𝑯 − 𝒋𝒋𝝁𝝁(𝒘𝒘)

′′  𝑯𝑯      (8) 

 
Maxwell’s equations in complex form are as follows: 
 

𝛁𝛁𝒙𝒙𝑬𝑬 = −𝒋𝒋𝒋𝒋𝝁𝝁(𝒘𝒘)̇  𝑯𝑯 = −𝒋𝒋𝒋𝒋𝝁𝝁(𝒘𝒘)
′  𝑯𝑯 − 𝒘𝒘𝝁𝝁(𝒘𝒘)

′′  𝑯𝑯    (9) 
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𝛁𝛁𝒙𝒙𝑯𝑯 = 𝒋𝒋𝒋𝒋𝜺𝜺(𝒘𝒘)̇  𝑬𝑬 + 𝝈𝝈𝑬𝑬 + 𝑱𝑱 = 𝒋𝒋𝒋𝒋𝜺𝜺(𝒘𝒘)′  𝑬𝑬 + 𝒘𝒘𝜺𝜺(𝒘𝒘)′′  𝑬𝑬 + 𝝈𝝈𝑬𝑬 + 𝑱𝑱   (10) 

𝛁𝛁 ∙ 𝜺𝜺(𝒘𝒘)𝑬𝑬̇ = 𝛁𝛁 ∙ (𝜺𝜺(𝒘𝒘)′   − 𝒋𝒋𝜺𝜺(𝒘𝒘)′′ )𝑬𝑬 = 𝝆𝝆     (11) 

𝛁𝛁 ∙ 𝝁𝝁(𝒘𝒘)𝑯𝑯̇ = 𝛁𝛁 ∙ (𝝁𝝁(𝒘𝒘)
′   − 𝒋𝒋𝝁𝝁(𝒘𝒘)

′′ )𝑯𝑯 = 𝟎𝟎     (12) 

 
For a conductive medium, 𝜎𝜎  and 𝑤𝑤𝜀𝜀(𝑤𝑤)

′′  are factors of the same type. Eq. 10 can be rewritten 
in the same way: 
 

𝛁𝛁𝒙𝒙𝑯𝑯 = 𝒋𝒋𝒋𝒋𝜺𝜺(𝒘𝒘)̇  𝑬𝑬 + 𝝈𝝈𝑬𝑬 + 𝑱𝑱 = 𝒋𝒋𝒋𝒋𝜺𝜺(𝒘𝒘)′  𝑬𝑬 + 𝒘𝒘𝜺𝜺(𝒘𝒘)′′  𝑬𝑬 + 𝝈𝝈𝑬𝑬 + 𝑱𝑱    (13) 

𝛁𝛁𝒙𝒙𝑯𝑯 = 𝒋𝒋𝒋𝒋𝜺𝜺(𝒘𝒘)′  𝑬𝑬 + 𝒋𝒋𝒋𝒋 (−𝒋𝒋𝜺𝜺(𝒘𝒘)′′ − 𝒋𝒋 𝝈𝝈𝒘𝒘) 𝑬𝑬 + 𝑱𝑱    (14) 
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where 
 

𝜺𝜺(𝒘𝒘)̇ = 𝜺𝜺(𝒘𝒘)′ − 𝒋𝒋 (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)     (16) 

 
The loss tangent is 
 

𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕  = 𝒘𝒘𝜺𝜺′′+𝝈𝝈
𝒘𝒘𝜺𝜺′        (17) 

 
In a lossy medium, the complex wave equations (Helmholtz equations) are 
 

𝜵𝜵𝟐𝟐 𝑬𝑬 + 𝒘𝒘𝟐𝟐𝝁𝝁(𝒘𝒘)̇ [𝜺𝜺(𝒘𝒘)′ − 𝒋𝒋 (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)] 𝑬𝑬 = 𝟎𝟎    (18) 

𝜵𝜵𝟐𝟐 𝑯𝑯 + 𝒘𝒘𝟐𝟐𝝁𝝁(𝒘𝒘)̇ [𝜺𝜺(𝒘𝒘)′ − 𝒋𝒋 (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)]𝑯𝑯 = 𝟎𝟎    (19) 

 

From this point onward, the authors will decompose the complex permeability expression in 
order to explicitly identify the phase and attenuation coefficients, as shown in Eqs. (20)-(23): 
 

|𝒌𝒌| = 𝒘𝒘√𝝁𝝁(𝒘𝒘)̇  𝜺𝜺(𝒘𝒘)̇       (20) 

|𝒌𝒌| = 𝒘𝒘√𝝁𝝁(𝒘𝒘)̇  𝜺𝜺(𝒘𝒘)̇ = 𝒘𝒘√𝝁𝝁(𝒘𝒘)̇   (𝜺𝜺(𝒘𝒘)′ − 𝒋𝒋 (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘))   (21) 
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𝛁𝛁𝒙𝒙𝑯𝑯 = 𝒋𝒋𝒋𝒋𝜺𝜺(𝒘𝒘)̇  𝑬𝑬 + 𝝈𝝈𝑬𝑬 + 𝑱𝑱 = 𝒋𝒋𝒋𝒋𝜺𝜺(𝒘𝒘)′  𝑬𝑬 + 𝒘𝒘𝜺𝜺(𝒘𝒘)′′  𝑬𝑬 + 𝝈𝝈𝑬𝑬 + 𝑱𝑱   (10) 

𝛁𝛁 ∙ 𝜺𝜺(𝒘𝒘)𝑬𝑬̇ = 𝛁𝛁 ∙ (𝜺𝜺(𝒘𝒘)′   − 𝒋𝒋𝜺𝜺(𝒘𝒘)′′ )𝑬𝑬 = 𝝆𝝆     (11) 

𝛁𝛁 ∙ 𝝁𝝁(𝒘𝒘)𝑯𝑯̇ = 𝛁𝛁 ∙ (𝝁𝝁(𝒘𝒘)
′   − 𝒋𝒋𝝁𝝁(𝒘𝒘)

′′ )𝑯𝑯 = 𝟎𝟎     (12) 

 
For a conductive medium, 𝜎𝜎  and 𝑤𝑤𝜀𝜀(𝑤𝑤)

′′  are factors of the same type. Eq. 10 can be rewritten 
in the same way: 
 

𝛁𝛁𝒙𝒙𝑯𝑯 = 𝒋𝒋𝒋𝒋𝜺𝜺(𝒘𝒘)̇  𝑬𝑬 + 𝝈𝝈𝑬𝑬 + 𝑱𝑱 = 𝒋𝒋𝒋𝒋𝜺𝜺(𝒘𝒘)′  𝑬𝑬 + 𝒘𝒘𝜺𝜺(𝒘𝒘)′′  𝑬𝑬 + 𝝈𝝈𝑬𝑬 + 𝑱𝑱    (13) 

𝛁𝛁𝒙𝒙𝑯𝑯 = 𝒋𝒋𝒋𝒋𝜺𝜺(𝒘𝒘)′  𝑬𝑬 + 𝒋𝒋𝒋𝒋 (−𝒋𝒋𝜺𝜺(𝒘𝒘)′′ − 𝒋𝒋 𝝈𝝈𝒘𝒘) 𝑬𝑬 + 𝑱𝑱    (14) 

𝛁𝛁𝒙𝒙𝑯𝑯 = 𝒋𝒋𝒋𝒋 (𝜺𝜺(𝒘𝒘)′ − 𝒋𝒋𝜺𝜺(𝒘𝒘)′′ − 𝒋𝒋 𝝈𝝈𝒘𝒘) 𝑬𝑬 + 𝑱𝑱     (15) 

 
where 
 

𝜺𝜺(𝒘𝒘)̇ = 𝜺𝜺(𝒘𝒘)′ − 𝒋𝒋 (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)     (16) 

 
The loss tangent is 
 

𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕  = 𝒘𝒘𝜺𝜺′′+𝝈𝝈
𝒘𝒘𝜺𝜺′        (17) 

 
In a lossy medium, the complex wave equations (Helmholtz equations) are 
 

𝜵𝜵𝟐𝟐 𝑬𝑬 + 𝒘𝒘𝟐𝟐𝝁𝝁(𝒘𝒘)̇ [𝜺𝜺(𝒘𝒘)′ − 𝒋𝒋 (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)] 𝑬𝑬 = 𝟎𝟎    (18) 

𝜵𝜵𝟐𝟐 𝑯𝑯 + 𝒘𝒘𝟐𝟐𝝁𝝁(𝒘𝒘)̇ [𝜺𝜺(𝒘𝒘)′ − 𝒋𝒋 (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)]𝑯𝑯 = 𝟎𝟎    (19) 

 

From this point onward, the authors will decompose the complex permeability expression in 
order to explicitly identify the phase and attenuation coefficients, as shown in Eqs. (20)-(23): 
 

|𝒌𝒌| = 𝒘𝒘√𝝁𝝁(𝒘𝒘)̇  𝜺𝜺(𝒘𝒘)̇       (20) 

|𝒌𝒌| = 𝒘𝒘√𝝁𝝁(𝒘𝒘)̇  𝜺𝜺(𝒘𝒘)̇ = 𝒘𝒘√𝝁𝝁(𝒘𝒘)̇   (𝜺𝜺(𝒘𝒘)′ − 𝒋𝒋 (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘))   (21) 

(20)

(21)
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As

Where each expression corresponds to the propagation coefficient γ , the attenuation coefficient  α , 

and the phase coefficient β . This is shown in Eqs. (26)-(35).

Therefore,

The phase coefficient is determined by Eq. (37):
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|𝒌𝒌| = 𝒘𝒘√(𝝁𝝁(𝒘𝒘)
′ − 𝒋𝒋𝝁𝝁(𝒘𝒘)

′′ )  (𝜺𝜺(𝒘𝒘)′ − 𝒋𝒋 (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘))   (22) 

|𝒌𝒌| = 𝒘𝒘√(𝝁𝝁(𝒘𝒘)
′ 𝜺𝜺(𝒘𝒘)′ − 𝒋𝒋𝝁𝝁(𝒘𝒘)

′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘) − 𝒋𝒋𝝁𝝁(𝒘𝒘)

′′ 𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)
′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈

𝒘𝒘))  (23) 

 

As 

𝜸𝜸 = 𝒋𝒋|𝒌𝒌| = 𝜶𝜶 + 𝒋𝒋𝒋𝒋     (24) 

|𝒌𝒌| = 𝜷𝜷 − 𝒋𝒋𝒋𝒋      (25) 

 
Where each expression corresponds to the propagation coefficient 𝛾𝛾, the attenuation 
coefficient 𝛼𝛼 , and the phase coefficient 𝛽𝛽. This is shown in Eqs. (26)-(35). 

 

|𝒌𝒌|𝟐𝟐 = (𝜷𝜷 − 𝒋𝒋𝒋𝒋)𝟐𝟐 = 𝜷𝜷𝟐𝟐 − 𝒋𝒋𝒋𝒋𝒋𝒋 − 𝒋𝒋𝒋𝒋𝒋𝒋 − 𝜶𝜶𝟐𝟐        (26) 

|𝒌𝒌|𝟐𝟐 = (𝜷𝜷𝟐𝟐 − 𝜶𝜶𝟐𝟐) − 𝟐𝟐𝒋𝒋𝒋𝒋𝒋𝒋          (27) 

|𝒌𝒌|𝟐𝟐 = 𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′ 𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)] − 𝒋𝒋𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)

′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘) + 𝝁𝝁(𝒘𝒘)

′′ 𝜺𝜺(𝒘𝒘)′ ]    (28) 

(𝜷𝜷𝟐𝟐 − 𝜶𝜶𝟐𝟐) = 𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′ 𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)]      (29) 

22𝜶𝜶𝜶𝜶 ==𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈

𝒘𝒘) + 𝝁𝝁(𝒘𝒘)
′′  𝜺𝜺(𝒘𝒘)′ ]        (30) 

||𝒌𝒌|𝟐𝟐| = √𝒘𝒘𝟒𝟒 [[𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)]

𝟐𝟐
+ [𝝁𝝁(𝒘𝒘)

′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘) + 𝝁𝝁(𝒘𝒘)

′′  𝜺𝜺(𝒘𝒘)′ ]
𝟐𝟐
]  (31) 

||𝒌𝒌|𝟐𝟐| = 𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)]√[𝟏𝟏 +

[𝝁𝝁(𝒘𝒘)
′ (𝜺𝜺(𝒘𝒘)

′′ +𝝈𝝈
𝒘𝒘)+𝝁𝝁(𝒘𝒘)

′′  𝜺𝜺(𝒘𝒘)
′ ]

𝟐𝟐

[𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)

′ −𝝁𝝁(𝒘𝒘)
′′ (𝜺𝜺(𝒘𝒘)

′′ +𝝈𝝈
𝒘𝒘)]

𝟐𝟐]    (32) 

||𝒌𝒌|𝟐𝟐| = √(𝜷𝜷𝟐𝟐 − 𝜶𝜶𝟐𝟐)𝟐𝟐 + (𝟐𝟐𝜶𝜶𝜶𝜶)𝟐𝟐 = √𝜷𝜷𝟒𝟒 − 𝟐𝟐𝜷𝜷𝟐𝟐𝜶𝜶𝟐𝟐 + 𝜶𝜶𝟒𝟒 + (𝟐𝟐𝜶𝜶𝜶𝜶)𝟐𝟐      (33) 

||𝒌𝒌|𝟐𝟐| = √(𝜷𝜷𝟒𝟒 + 𝜶𝜶𝟒𝟒) + (𝟐𝟐𝜶𝜶𝟐𝟐𝜷𝜷𝟐𝟐) = √(𝜶𝜶𝟐𝟐 + 𝜷𝜷𝟐𝟐)𝟐𝟐 = 𝜶𝜶𝟐𝟐 + 𝜷𝜷𝟐𝟐      (34) 

𝑹𝑹𝑹𝑹 (|𝒌𝒌|𝟐𝟐) = 𝜷𝜷𝟐𝟐 − 𝜶𝜶𝟐𝟐 = 𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)]      (35) 

 

Therefore, 
 

||𝒌𝒌||   +  𝑹𝑹𝑹𝑹 (|𝒌𝒌|𝟐𝟐) = 𝟐𝟐𝜷𝜷𝟐𝟐 = 𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)] ⋅ [𝟏𝟏 + √𝟏𝟏 + [𝝁𝝁(𝒘𝒘)

′ (𝜺𝜺(𝒘𝒘)
′′ +𝝈𝝈

𝒘𝒘)+𝝁𝝁(𝒘𝒘)
′′  𝜺𝜺(𝒘𝒘)

′ ]
𝟐𝟐

[𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)

′ −𝝁𝝁(𝒘𝒘)
′′ (𝜺𝜺(𝒘𝒘)

′′ +𝝈𝝈
𝒘𝒘)]

𝟐𝟐](36) 

The phase coefficient is determined by Eq. (37): 
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|𝒌𝒌| = 𝒘𝒘√(𝝁𝝁(𝒘𝒘)
′ − 𝒋𝒋𝝁𝝁(𝒘𝒘)

′′ )  (𝜺𝜺(𝒘𝒘)′ − 𝒋𝒋 (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘))   (22) 

|𝒌𝒌| = 𝒘𝒘√(𝝁𝝁(𝒘𝒘)
′ 𝜺𝜺(𝒘𝒘)′ − 𝒋𝒋𝝁𝝁(𝒘𝒘)

′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘) − 𝒋𝒋𝝁𝝁(𝒘𝒘)

′′ 𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)
′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈

𝒘𝒘))  (23) 

 

As 

𝜸𝜸 = 𝒋𝒋|𝒌𝒌| = 𝜶𝜶 + 𝒋𝒋𝒋𝒋     (24) 

|𝒌𝒌| = 𝜷𝜷 − 𝒋𝒋𝒋𝒋      (25) 

 
Where each expression corresponds to the propagation coefficient 𝛾𝛾, the attenuation 
coefficient 𝛼𝛼 , and the phase coefficient 𝛽𝛽. This is shown in Eqs. (26)-(35). 

 

|𝒌𝒌|𝟐𝟐 = (𝜷𝜷 − 𝒋𝒋𝒋𝒋)𝟐𝟐 = 𝜷𝜷𝟐𝟐 − 𝒋𝒋𝒋𝒋𝒋𝒋 − 𝒋𝒋𝒋𝒋𝒋𝒋 − 𝜶𝜶𝟐𝟐        (26) 

|𝒌𝒌|𝟐𝟐 = (𝜷𝜷𝟐𝟐 − 𝜶𝜶𝟐𝟐) − 𝟐𝟐𝒋𝒋𝒋𝒋𝒋𝒋          (27) 

|𝒌𝒌|𝟐𝟐 = 𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′ 𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)] − 𝒋𝒋𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)

′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘) + 𝝁𝝁(𝒘𝒘)

′′ 𝜺𝜺(𝒘𝒘)′ ]    (28) 

(𝜷𝜷𝟐𝟐 − 𝜶𝜶𝟐𝟐) = 𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′ 𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)]      (29) 

22𝜶𝜶𝜶𝜶 ==𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈

𝒘𝒘) + 𝝁𝝁(𝒘𝒘)
′′  𝜺𝜺(𝒘𝒘)′ ]        (30) 

||𝒌𝒌|𝟐𝟐| = √𝒘𝒘𝟒𝟒 [[𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)]

𝟐𝟐
+ [𝝁𝝁(𝒘𝒘)

′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘) + 𝝁𝝁(𝒘𝒘)

′′  𝜺𝜺(𝒘𝒘)′ ]
𝟐𝟐
]  (31) 

||𝒌𝒌|𝟐𝟐| = 𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)]√[𝟏𝟏 +

[𝝁𝝁(𝒘𝒘)
′ (𝜺𝜺(𝒘𝒘)

′′ +𝝈𝝈
𝒘𝒘)+𝝁𝝁(𝒘𝒘)

′′  𝜺𝜺(𝒘𝒘)
′ ]

𝟐𝟐

[𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)

′ −𝝁𝝁(𝒘𝒘)
′′ (𝜺𝜺(𝒘𝒘)

′′ +𝝈𝝈
𝒘𝒘)]

𝟐𝟐]    (32) 

||𝒌𝒌|𝟐𝟐| = √(𝜷𝜷𝟐𝟐 − 𝜶𝜶𝟐𝟐)𝟐𝟐 + (𝟐𝟐𝜶𝜶𝜶𝜶)𝟐𝟐 = √𝜷𝜷𝟒𝟒 − 𝟐𝟐𝜷𝜷𝟐𝟐𝜶𝜶𝟐𝟐 + 𝜶𝜶𝟒𝟒 + (𝟐𝟐𝜶𝜶𝜶𝜶)𝟐𝟐      (33) 

||𝒌𝒌|𝟐𝟐| = √(𝜷𝜷𝟒𝟒 + 𝜶𝜶𝟒𝟒) + (𝟐𝟐𝜶𝜶𝟐𝟐𝜷𝜷𝟐𝟐) = √(𝜶𝜶𝟐𝟐 + 𝜷𝜷𝟐𝟐)𝟐𝟐 = 𝜶𝜶𝟐𝟐 + 𝜷𝜷𝟐𝟐      (34) 

𝑹𝑹𝑹𝑹 (|𝒌𝒌|𝟐𝟐) = 𝜷𝜷𝟐𝟐 − 𝜶𝜶𝟐𝟐 = 𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)]      (35) 

 

Therefore, 
 

||𝒌𝒌||   +  𝑹𝑹𝑹𝑹 (|𝒌𝒌|𝟐𝟐) = 𝟐𝟐𝜷𝜷𝟐𝟐 = 𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)] ⋅ [𝟏𝟏 + √𝟏𝟏 + [𝝁𝝁(𝒘𝒘)

′ (𝜺𝜺(𝒘𝒘)
′′ +𝝈𝝈

𝒘𝒘)+𝝁𝝁(𝒘𝒘)
′′  𝜺𝜺(𝒘𝒘)

′ ]
𝟐𝟐

[𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)

′ −𝝁𝝁(𝒘𝒘)
′′ (𝜺𝜺(𝒘𝒘)

′′ +𝝈𝝈
𝒘𝒘)]

𝟐𝟐](36) 

The phase coefficient is determined by Eq. (37): 
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|𝒌𝒌| = 𝒘𝒘√(𝝁𝝁(𝒘𝒘)
′ − 𝒋𝒋𝝁𝝁(𝒘𝒘)

′′ )  (𝜺𝜺(𝒘𝒘)′ − 𝒋𝒋 (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘))   (22) 

|𝒌𝒌| = 𝒘𝒘√(𝝁𝝁(𝒘𝒘)
′ 𝜺𝜺(𝒘𝒘)′ − 𝒋𝒋𝝁𝝁(𝒘𝒘)

′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘) − 𝒋𝒋𝝁𝝁(𝒘𝒘)

′′ 𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)
′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈

𝒘𝒘))  (23) 

 

As 

𝜸𝜸 = 𝒋𝒋|𝒌𝒌| = 𝜶𝜶 + 𝒋𝒋𝒋𝒋     (24) 

|𝒌𝒌| = 𝜷𝜷 − 𝒋𝒋𝒋𝒋      (25) 

 
Where each expression corresponds to the propagation coefficient 𝛾𝛾, the attenuation 
coefficient 𝛼𝛼 , and the phase coefficient 𝛽𝛽. This is shown in Eqs. (26)-(35). 

 

|𝒌𝒌|𝟐𝟐 = (𝜷𝜷 − 𝒋𝒋𝒋𝒋)𝟐𝟐 = 𝜷𝜷𝟐𝟐 − 𝒋𝒋𝒋𝒋𝒋𝒋 − 𝒋𝒋𝒋𝒋𝒋𝒋 − 𝜶𝜶𝟐𝟐        (26) 

|𝒌𝒌|𝟐𝟐 = (𝜷𝜷𝟐𝟐 − 𝜶𝜶𝟐𝟐) − 𝟐𝟐𝒋𝒋𝒋𝒋𝒋𝒋          (27) 

|𝒌𝒌|𝟐𝟐 = 𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′ 𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)] − 𝒋𝒋𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)

′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘) + 𝝁𝝁(𝒘𝒘)

′′ 𝜺𝜺(𝒘𝒘)′ ]    (28) 

(𝜷𝜷𝟐𝟐 − 𝜶𝜶𝟐𝟐) = 𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′ 𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)]      (29) 

22𝜶𝜶𝜶𝜶 ==𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈

𝒘𝒘) + 𝝁𝝁(𝒘𝒘)
′′  𝜺𝜺(𝒘𝒘)′ ]        (30) 

||𝒌𝒌|𝟐𝟐| = √𝒘𝒘𝟒𝟒 [[𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)]

𝟐𝟐
+ [𝝁𝝁(𝒘𝒘)

′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘) + 𝝁𝝁(𝒘𝒘)

′′  𝜺𝜺(𝒘𝒘)′ ]
𝟐𝟐
]  (31) 

||𝒌𝒌|𝟐𝟐| = 𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)]√[𝟏𝟏 +

[𝝁𝝁(𝒘𝒘)
′ (𝜺𝜺(𝒘𝒘)

′′ +𝝈𝝈
𝒘𝒘)+𝝁𝝁(𝒘𝒘)

′′  𝜺𝜺(𝒘𝒘)
′ ]

𝟐𝟐

[𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)

′ −𝝁𝝁(𝒘𝒘)
′′ (𝜺𝜺(𝒘𝒘)

′′ +𝝈𝝈
𝒘𝒘)]

𝟐𝟐]    (32) 

||𝒌𝒌|𝟐𝟐| = √(𝜷𝜷𝟐𝟐 − 𝜶𝜶𝟐𝟐)𝟐𝟐 + (𝟐𝟐𝜶𝜶𝜶𝜶)𝟐𝟐 = √𝜷𝜷𝟒𝟒 − 𝟐𝟐𝜷𝜷𝟐𝟐𝜶𝜶𝟐𝟐 + 𝜶𝜶𝟒𝟒 + (𝟐𝟐𝜶𝜶𝜶𝜶)𝟐𝟐      (33) 

||𝒌𝒌|𝟐𝟐| = √(𝜷𝜷𝟒𝟒 + 𝜶𝜶𝟒𝟒) + (𝟐𝟐𝜶𝜶𝟐𝟐𝜷𝜷𝟐𝟐) = √(𝜶𝜶𝟐𝟐 + 𝜷𝜷𝟐𝟐)𝟐𝟐 = 𝜶𝜶𝟐𝟐 + 𝜷𝜷𝟐𝟐      (34) 

𝑹𝑹𝑹𝑹 (|𝒌𝒌|𝟐𝟐) = 𝜷𝜷𝟐𝟐 − 𝜶𝜶𝟐𝟐 = 𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)]      (35) 

 

Therefore, 
 

||𝒌𝒌||   +  𝑹𝑹𝑹𝑹 (|𝒌𝒌|𝟐𝟐) = 𝟐𝟐𝜷𝜷𝟐𝟐 = 𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)] ⋅ [𝟏𝟏 + √𝟏𝟏 + [𝝁𝝁(𝒘𝒘)

′ (𝜺𝜺(𝒘𝒘)
′′ +𝝈𝝈

𝒘𝒘)+𝝁𝝁(𝒘𝒘)
′′  𝜺𝜺(𝒘𝒘)

′ ]
𝟐𝟐

[𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)

′ −𝝁𝝁(𝒘𝒘)
′′ (𝜺𝜺(𝒘𝒘)

′′ +𝝈𝝈
𝒘𝒘)]

𝟐𝟐](36) 

The phase coefficient is determined by Eq. (37): 
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|𝒌𝒌| = 𝒘𝒘√(𝝁𝝁(𝒘𝒘)
′ − 𝒋𝒋𝝁𝝁(𝒘𝒘)

′′ )  (𝜺𝜺(𝒘𝒘)′ − 𝒋𝒋 (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘))   (22) 

|𝒌𝒌| = 𝒘𝒘√(𝝁𝝁(𝒘𝒘)
′ 𝜺𝜺(𝒘𝒘)′ − 𝒋𝒋𝝁𝝁(𝒘𝒘)

′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘) − 𝒋𝒋𝝁𝝁(𝒘𝒘)

′′ 𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)
′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈

𝒘𝒘))  (23) 

 

As 

𝜸𝜸 = 𝒋𝒋|𝒌𝒌| = 𝜶𝜶 + 𝒋𝒋𝒋𝒋     (24) 

|𝒌𝒌| = 𝜷𝜷 − 𝒋𝒋𝒋𝒋      (25) 

 
Where each expression corresponds to the propagation coefficient 𝛾𝛾, the attenuation 
coefficient 𝛼𝛼 , and the phase coefficient 𝛽𝛽. This is shown in Eqs. (26)-(35). 

 

|𝒌𝒌|𝟐𝟐 = (𝜷𝜷 − 𝒋𝒋𝒋𝒋)𝟐𝟐 = 𝜷𝜷𝟐𝟐 − 𝒋𝒋𝒋𝒋𝒋𝒋 − 𝒋𝒋𝒋𝒋𝒋𝒋 − 𝜶𝜶𝟐𝟐        (26) 

|𝒌𝒌|𝟐𝟐 = (𝜷𝜷𝟐𝟐 − 𝜶𝜶𝟐𝟐) − 𝟐𝟐𝒋𝒋𝒋𝒋𝒋𝒋          (27) 

|𝒌𝒌|𝟐𝟐 = 𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′ 𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)] − 𝒋𝒋𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)

′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘) + 𝝁𝝁(𝒘𝒘)

′′ 𝜺𝜺(𝒘𝒘)′ ]    (28) 

(𝜷𝜷𝟐𝟐 − 𝜶𝜶𝟐𝟐) = 𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′ 𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)]      (29) 

22𝜶𝜶𝜶𝜶 ==𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈

𝒘𝒘) + 𝝁𝝁(𝒘𝒘)
′′  𝜺𝜺(𝒘𝒘)′ ]        (30) 

||𝒌𝒌|𝟐𝟐| = √𝒘𝒘𝟒𝟒 [[𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)]

𝟐𝟐
+ [𝝁𝝁(𝒘𝒘)

′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘) + 𝝁𝝁(𝒘𝒘)

′′  𝜺𝜺(𝒘𝒘)′ ]
𝟐𝟐
]  (31) 

||𝒌𝒌|𝟐𝟐| = 𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)]√[𝟏𝟏 +

[𝝁𝝁(𝒘𝒘)
′ (𝜺𝜺(𝒘𝒘)

′′ +𝝈𝝈
𝒘𝒘)+𝝁𝝁(𝒘𝒘)

′′  𝜺𝜺(𝒘𝒘)
′ ]

𝟐𝟐

[𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)

′ −𝝁𝝁(𝒘𝒘)
′′ (𝜺𝜺(𝒘𝒘)

′′ +𝝈𝝈
𝒘𝒘)]

𝟐𝟐]    (32) 

||𝒌𝒌|𝟐𝟐| = √(𝜷𝜷𝟐𝟐 − 𝜶𝜶𝟐𝟐)𝟐𝟐 + (𝟐𝟐𝜶𝜶𝜶𝜶)𝟐𝟐 = √𝜷𝜷𝟒𝟒 − 𝟐𝟐𝜷𝜷𝟐𝟐𝜶𝜶𝟐𝟐 + 𝜶𝜶𝟒𝟒 + (𝟐𝟐𝜶𝜶𝜶𝜶)𝟐𝟐      (33) 

||𝒌𝒌|𝟐𝟐| = √(𝜷𝜷𝟒𝟒 + 𝜶𝜶𝟒𝟒) + (𝟐𝟐𝜶𝜶𝟐𝟐𝜷𝜷𝟐𝟐) = √(𝜶𝜶𝟐𝟐 + 𝜷𝜷𝟐𝟐)𝟐𝟐 = 𝜶𝜶𝟐𝟐 + 𝜷𝜷𝟐𝟐      (34) 

𝑹𝑹𝑹𝑹 (|𝒌𝒌|𝟐𝟐) = 𝜷𝜷𝟐𝟐 − 𝜶𝜶𝟐𝟐 = 𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)]      (35) 

 

Therefore, 
 

||𝒌𝒌||   +  𝑹𝑹𝑹𝑹 (|𝒌𝒌|𝟐𝟐) = 𝟐𝟐𝜷𝜷𝟐𝟐 = 𝒘𝒘𝟐𝟐 [𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)′ − 𝝁𝝁(𝒘𝒘)

′′ (𝜺𝜺(𝒘𝒘)′′ + 𝝈𝝈
𝒘𝒘)] ⋅ [𝟏𝟏 + √𝟏𝟏 + [𝝁𝝁(𝒘𝒘)

′ (𝜺𝜺(𝒘𝒘)
′′ +𝝈𝝈

𝒘𝒘)+𝝁𝝁(𝒘𝒘)
′′  𝜺𝜺(𝒘𝒘)

′ ]
𝟐𝟐

[𝝁𝝁(𝒘𝒘)
′  𝜺𝜺(𝒘𝒘)

′ −𝝁𝝁(𝒘𝒘)
′′ (𝜺𝜺(𝒘𝒘)

′′ +𝝈𝝈
𝒘𝒘)]

𝟐𝟐](36) 

The phase coefficient is determined by Eq. (37): 

(22)

(23)
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In addition, 

( ) ( ) ( )2 2 2 2 2 2 22α β β α α− = + − − =k Re k

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2
' '' '' '

2 2 ' ' '' '' 2 ' ' '' ''
2

' ' ' ''

2 1

σµ ε µ ε
σ σα µ ε µ ε µ ε µ ε

σµ ε µ ε

  + +          = − + ⋅ + − − +              − +    

w w w w

w w w w w w w w

w w w w

ww w
w w

w

The attenuation coefficient is determined by Eq. (40):

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2
' '' '' '

' ' '' ''
2

' ' ' ''

1 1
2

σµ ε µ ε
σα µ ε µ ε

σµ ε µ ε

  + +       = − + ⋅ + −       − +    

w w w w

w w w w

w w w w

ww
w

w

In a lossy medium, the wave impedance also becomes complex, as shown in Eq. (41).

( ) ( )

( )

' ''

'

µ µ
η

σε ε

−
=

 − + ′′
 



w w

w

j

j
w

The authors propose implementing complex-valued expressions for permittivity and permeability 
within the lightning-coupling model (Fig. 12).

Figure 12. Lightning-coupling model [85]
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As presented in the previous sections in both integral and differential forms, as shown in Eqs. (42) 
and (43).

( ) ( )
' ''

( )wµ µ µ∇ = − = − − = −

w wxE jw H jw H jw H jwB

( )wµ⋅ = − ⋅ = − ⋅∫ ∫

HE dl jw ds jwB ds∮

The above is determined for contour CCC (differential form with Ax):

( ) ( ) ( ) ( ) ( ), , , ,0 ,0 0 0

+∆ +∆ +∆

+∆⋅ − ⋅ + ⋅ − ⋅ = − ⋅∫ ∫ ∫ ∫ ∫ ∫
h h x x x x h x x

x z x x z x h x x zx x x
E dz E dz E dx E dx jw B dxdzay

( ) ( ) ( ) ( ) ( ), , , ,0 ,0 0 0

+∆ +∆ +∆

+∆⋅ − ⋅ + ⋅ − ⋅ = − ⋅∫ ∫ ∫ ∫ ∫ ∫
h h x x x x h x x

x z x x z x h x x zx x x
E dz E dz E dx E dx jw B dxdzay

( ) ( ) ( ) ( ) ( ), , , ,0 ,0 0

+∆ +∆

+∆
   − − + − = −   ∫ ∫ ∫ ∫

h x x h x x

z x x z z x z x x h x x y x zx x
E E dz E E dx jw B dxdz

Taking the partial derivative with respect to x on both sides of the equation yields the following 
expression:

( ) ( ) ( ), , ,0 0+∆

∂  − − = − ∂ ∫ ∫
h h

z x x z z x z y x zE E dz jw B dz
x

On the other hand, from Faraday’s law (quasi-static fields), it is possible to obtain Eq. (48):

( ) ( ) ( ), ,0 +∆
 = − ⋅ = − − ∫ ∫

h

z x x z z x zV x E dl E E dz

And then Eqs. (49) and (50):

( ) ( ),0

∂
  = − ∂ ∫

h

y x zV x jw B dz
x

( ) ( ) ( ), ,0 0

∂
  = − − ∂ ∫ ∫

h he s
y x z y x zV x jw B dz jw B dz

x

From earlier derivations in both integral and differential form, it is possible to express the following:

( ) ( )
' ''

( )w
σε ε ε ∇ = + = − − + 

 


w wxHs Js jw E jw j j E J
w

∇ = +xHs jwD J

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

(51)

(52)
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⋅ = ⋅ + ⋅∫ ∫ ∫Hs dl J ds jw Ds ds

The inductance of the conductor can be determined using the following procedure:

⋅ = ⋅ =∫ ∫H dl J ds Ience

( ) 2wϕ µ
πρ

= 

IenceB

⋅ = ⋅′∫ ∫B ds L Ience dz

The inductance per unit length can be expressed as presented below.

ρ = ′⋅∫ B d L Inece

Now, assuming the following expression:

( )

2
wµ

ρ
πρ

⋅ = ⋅∫ ∫ ∫ ∫


B ds Ience d dz

If this is multiplied by jω , and we assume that  ω  does not vary with respect to  ρ  and ,z  Eq. (59) 
is obtained.

( )

2
wµ ρ

πρ
⋅

⋅ =∫ ∫ ∫ ∫
 Ience d

jw B ds jw dz

The scattered field can be expressed as follows:

( ) 2ln
2 1

wµ
ρ

πρ
= = ⋅∫ ∫ ∫ ∫

jw djw B d dz Ience dz jwL Ience dz
d

Returning to Eqs. (49) and (50), this research implements the subscript s for the scattered field and the 
subscript e for the excitation field, in order to obtain the telegrapher’s equation:

( ) ( ),0

+ ∆ +∆∂
  = − ∂∫ ∫ ∫

x x h x x

y x zx x
V x dx jw B dxdz

x

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)
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( ) ( ) ( ), ,0 0

+ ∆ +∆ +∆∂
  = − − ∂∫ ∫ ∫ ∫ ∫

x x x x h x x hs e
y x z y x zx x x

V x dx jw B dzdx jw B dzdx
x

( ) ( ) ( ),0

+ ∆ +∆ +∆
′=

∂
  − − ∂∫ ∫ ∫ ∫

x x x x x x h e
x y x zx x x

V x dx jwL I dx jw B dzdx
x

( ) ( ) ( ),0

∂
  + = −  ′

∂ ∫
h e

x y x zV x jwL I jw B dz
x

On the other hand, Maxwell’s equations can be expressed in pointwise (differential) form:

( )wε∇ = + xH J jw E

∇ = +xH J jwD

     ∂ ∂ ∂ ∂ ∂ ∂
     ∇ = − − − + −
     ∂ ∂ ∂ ∂ ∂ ∂
     

z y z x y xH H H H H H
xH ax ay az

y z x z x y

For the z -component,

( )( ) ,wε
 ∂ ∂
 − = +
 ∂ ∂
 



y x
x z

H H
az J jw E

x y

Since the medium is insulating, it follows that 0isolationσ = . Therefore,

( ),
( )

1

wε

 
 = − ⋅
 
 



y x
x z

d H d H
jwE

dx dy

By integrating along the z -axis from 0 to h , we obtain the following for the scattered field and the 
excitation:

( ) ( ),0
= −∫

h

x zjw E dz jwV x

( )
( ) ( ) ( ) ( ), , , ,

,0 0 0
( ) ( ) ( ) ( )

1 1
  w w w wε µ ε µ

   ∂ ∂ ∂ ∂
= − + −   

∂ ∂ ∂ ∂      
∫ ∫ ∫   

e e s s
h h hy x z x x z y x z x x z

x z

B B B B
jw E dz dz dz

x y x y

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71)
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The excitation field and the scattered field are defined as follows:

( )
( ) ( ), ,

,0 0
( ) ( )

1
 w wε µ

 ∂ ∂
= − 

∂ ∂  
∫ ∫ 

e e
h h y x z x x ze

x z

B B
jw E dz dz

x y

( )
( ) ( ), ,

,0 0
( ) ( )

1
 w wε µ

 ∂ ∂
= − 

∂ ∂  
∫ ∫ 

s s
h h y x z x x zs

x z

B B
jw E dz dz

x y

From the derivation for quasi-static fields, it is possible to obtain the following:

ρ= ⋅ =∫ ∫ vQ D ds dv

( )2 wπρε
=



QE
l

( )

ln

wπε
= =



ab

lQC dV
r

Therefore,

= − ⋅ =∫
QV E dl
C

′ ′= − ⋅∫abC V C E dl

=′ ′− ⋅∫abjwC V jwC E dl

Thus,

( ) ( ) ( ), ,0 0
− = +∫ ∫

h he s
x z x zjwV x jw E dz jw E dz

( ) ( ) ( ), ,0 0
− ′ = +′ ′∫ ∫

h he s
x z x zjwC V x jwC E dz jwC E dz

( ) ( ) ( ),
,0 0

( ) ( )w wε µ

 ∂
− ′ = + 

′


′ 

∂ 
∫ ∫ 

s
h h y x ze

x z

BCjwC E dz jwC V x dz
x

(72)

(73)

(74)

(75)

(76)

(77)

(78)

(79)

(80)

(81)

(82)
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( ), 0s
x x zB =  since a TEM wave is present. Therefore,

( ) ( ) [ ]
,0

( ) ( )w wε µ
∂ ⋅

− = +
∂

′′
′ ′∫  

h e
x z

L ICjwC E dz jwC V x
x

This can be expressed as follows, given that 
( ) ( )w wL C ε µ′ ′ =   :

( ) ( ) [ ]
,0

∂
− +′ =

∂
′∫

h e
x z

I
jwC E dz jwC V x

x

low is the definition of the circuit with complex-field coupling. The original expression for electric and 
magnetic coupling can still be employed. However, it should be noted that permittivity and permeability 
are expressed in the complex domain and are frequency-dependent. Under the present notation, it is 
important to emphasize that the field e  is equal to the field i  in Fig. 13. 

Figure 13. Equivalent circuit of TEM coupling [23]

7. Conclusions

Our implementation of neural networks based on GoogLeNet, Python, and ChatGPT for the 
classification of transient overvoltage resulting from direct lightning strokes in the frequency domain for 
branched radial networks showed an acceptable response, with accuracy values of 80 and 89.99%. The 
average overfitting of the network developed in collaboration with ChatGPT was 0.1269 for accuracy and 
0.1128 for losses.

Furthermore, our review of 12 records of transient overvoltage due to lightning strokes on the 
L671-680 section shows close to 100% confidence in image classification using a pre-trained instance of 
GoogLeNet. The classification for the L632-633 section, under a direct lightning strike of 20 kA on phase 
A, reported a confidence of 32.38%, which was the worst result obtained.

The 60 frequency response images analyzed exhibited a confidence level above 70% for branches 
L632-633, L632-671 (10 and 90%), and L671-680.

(83)

(84)
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The new mathematical formulation for the coupling of electromagnetic fields in polarized media 
improves upon the version proposed by Taylor (1965) [23], [85]. The authors considered the permeability 
and permittivity coefficients as complex quantities in order for the new coupling model to be applied 
to materials such as dielectrics (dry air, gas-insulated switchgear, arc chambers), ferroelectrics, and 
magnetic media (ferrites, cores, shielding), among others.
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