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Abstract
Stress measurement is useful to identify the operating conditions that can produce the failure
of a structure. Among the strategies for stress measurement, the integration between digital
photoelasticity and thermoelastic stress analysis has been extensively explored, because it is
useful to determine the individual stresses, and because of its full-field capabilities. However,
due to the experimental complexity of both techniques, their integration is often limited to semi-
static cases, where the calibration of the thermal parameters is usually done independently of

the photoelasticity experiment. This paper describes a computational integration of digital
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photoelasticity and thermoelastic stress analysis. The main contribution of the paper is to show
that, under controlled conditions, the application of variable load can be used to determine the
stress and temperature fields of a birefringent model. The results achieved of this paper could
be useful in industrial environments, where the complexity of the experiments limits the range
of applications that require stress field analysis.

Keywords: Stress field, temperature field, fringe density, load stepping.

Resumen

La medicion de los esfuerzos mecanicos es importante en maltiples aplicaciones de ingenieria,
porque permite identificar las condiciones de operacion que hacen que las piezas fallen. Dentro
de las estrategias para medir esfuerzos mecanicos, la integracion de la fotoelasticidad digital
y el analisis termoelastico de esfuerzos ha sido ampliamente explorada, porque permite
obtener informacion de esfuerzos individuales y no solo de su suma o diferencia; y porque
permite analisis no invasivos y de campo completo. Sin embargo, dada la complejidad
experimental de ambas técnicas, su integracion suele limitarse a casos semi-estaticos, donde
la calibracién de los pardmetros térmicos se suele hacer independientemente al montaje de
fotoelasticidad. Este trabajo explora una integracién computacional de la fotoelasticidad digital
y el analisis termogréfico de esfuerzos, mediante la aplicacion de carga variable a un modelo
birrefringente. Los resultados obtenidos indican que, bajo condiciones controladas, es posible
obtener simultdneamente los campos de esfuerzos y de temperaturas del modelo

inspeccionado. Estos resultados podrian ser de dutiles entornos industriales, donde la



complejidad de los experimentos limita el rango de aplicaciones que requieren analisis de

campos de esfuerzos.

Palabras clave: Campos de esfuerzos, campos de temperatura, densidad de franjas, load

stepping.

1. Introduction

Mechanical stresses indicate how a force is distributed within the geometry of a part or
structure. Their evaluation is of importance in a wide range of engineering applications because
it allows the identification of the operating conditions that cause parts to fail. However, this
evaluation is not simple given the set of methods that must be implemented, integrated and
synchronized in order to individualize the required information. Among the strategies reported
in the literature to evaluate and separate stress information, the integration of digital
photoelasticity studies and thermoelastic stress analysis has been widely explored. However,
given the experimental complexity of each method, their implementation has been limited to
semi-static cases where the calibration of the thermal parameters is usually estimated

asynchronously and independently of the photoelasticity setup.

This paper shows a strategy to integrate photoelasticity and thermoelastic stress analysis. To
show that the proposed integration is theoretically possible, computational experiments were
performed where the application of variable load to a birefringent model produced sufficient

information to calculate its stress and thermal fields. Both photoelasticity and thermoelastic



stress analysis are useful to evaluate the mechanical performance of structures under load,

with the advantage that they allow non-destructive and full-field analyses.

In photoelasticity, the stress field of a birefringent object is obtained by processing fringe
patterns on its surface. The shape and intensity of these patterns is related to the difference of
principal stresses at the considered spatial location. Photoelasticity has been shown to be
useful in fracture mechanics problems, in stress analysis of static and moving mechanical
components [1], in residual stress analysis [2], in biomedical applications, and in general in full-

field stress analysis.

Thermoelastic Stress Analysis (TSA) is a technique for quantifying the temperature changes
exhibited by an object under cyclic loading [3-4]. Among other applications, TSA is used in the
early detection and characterization of delaminations, cracking and other types of surface

defects in multiple materials, and to predict the service life of structural components [5].

Photoelasticity and TSA provide complementary information on the stress field. While
photoelasticity is defined in terms of the difference of principal stresses, TSA is formulated in
terms of their sum. Due to this complementarity, different studies have proposed the integration
of these two techniques as a strategy to separate principal stresses [6-8]. Stress separation is
a current problem in engineering, because in several practical applications it is necessary to
know the principal stresses individually and not only their sum or difference [9]. It has been
documented that only at the boundaries of the inspected objects, photoelasticity produces
complete solutions; and in regions far from the boundaries, stress separation techniques must

be used [10].



Although stress separation can also be achieved by numerical approaches, these require prior
knowledge of the stress state, or boundary conditions, of the evaluated object. Additionally,

numerical approaches can be affected by errors due to finite difference approximation [11].

Separately, photoelasticity and TSA have analytical and experimental requirements that must
be met to provide reliable information; requirements that can make their integration difficult. In
photoelasticity, stress maps are obtained after using multiple stages of processing collections
of images. In experimental problems, the acquisition of the required images can be a challenge
in itself, because it requires setups where the inadequate arrangement of the required optical
instruments can produce errors during the stress field calculation. On the other hand, while in
TSA the image acquisition setups are comparatively simple, the temperature values produced
are usually small, and require the application of cyclic loading, under adiabatic conditions, and

with mechanical systems that can become very expensive.

Despite these considerations, several works have succeeded in integrating photoelasticity and
TSA experimentally [6], [11], [12]. For photoelastic analysis, these works used a method called
phase stepping, which produces images where the parameters describing the magnitude and
orientation of the principal stresses interact and had to be decoupled: isochromatic and isoclinic

parameters, respectively.

In this paper, a computational experiment is proposed where a photoelastic method to
reconstruct the stress field, which is based on the application of variable load, is applied fast
enough to allow the reconstruction of the stress field by means of TSA. The main contributions

of the presented work are to demonstrate that the integration is theoretically possible under the



proposed conditions, and to show what difficulties would be involved in an experimental
implementation. To date, the authors are not aware of photoelasticity and TSA integration
strategies that consider the photoelastic method considered in this work: the fringe
displacement method by load variation [13]. This is relevant since the images obtained with this
technique do not exhibit the interaction between the isochromatic and isoclinic parameters, and
can be obtained by hybrid techniques whose implementation requires simplified optical setups

[14].

2. Theoretical framework

In the experiments presented in this paper, diametral loading is applied to a
polymethylmethacrylate (PMMA) disc. The experiments are computational, and are based on
theoretical concepts from photoelasticity and thermoelastic stress analysis. These theoretical

concepts and how to use them to obtain digital images are presented below.

2.1. Birefringence and photoelasticity

Some materials that transmit visible light have an optical property called birefringence. When
an object made of a birefringent material is subjected to load, it exhibits two refractive indices.
Birefringence causes phase delays in the light rays traveling through the object. These delays
provide full-field information about the mechanical response of the object to the applied load.
Photoelasticity provides expressions to quantify these phase delays, and to use the information

from these delays to calculate the stress field of the birefringent object under inspection.



2.1.1. Mechanical stresses in a disc under diametral compression

For some models such as rectangular discs and plates, analytical expressions are known that
describe the stresses at any point of their geometry, and for different types of applied load. In
this paper, the model of the disk under pointwise diametral compression is considered, since it
has been extensively studied in mechanical stress analysis based on photoelasticity. Equations
(1), (2) and (3) indicate how to calculate the rectangular stress components and shear stresses

for this model.
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In these expressions x and y represent the rectangular coordinates of each point on the disk
geometry, F is the applied force in Newtons, and R and h are the radius and thickness of the
specimen, respectively. From Equations (1), (2) and (3), the principal stresses and the direction

of the principal stresses can be calculated using Equations (4), (5) and (6).

0 = 2



2.1.2. Optical stress law
Given a point in the geometry of a birefringent model under load, Equation (7) allows to
calculate the retardation of the light traveling through that point. This equation describes the so-

called Stress-Optical Law.

§= (0 — a) (7)

This law states that the phase delay is an inverse function of the wavelength A, and that it is
directly proportional to the principal stress difference, the thickness A of the sample under

consideration and its stress-optical coefficient C.

This equation applies to the case where the wavelength is constant, so its use in computational
analysis will result in the generation of grayscale images. However, it is possible to extend the
analysis to produce color images, using Equation (8). There, 1, y 1, refer to the minimum and

maximum wavelengths of the illumination source under consideration.
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2.1.3. Stress field in digital photoelasticity studies

The stress field of a birefringent model under load is obtained by processing a set of images
with fringe patterns, such as those obtained with equations (7) and (8). In experimental
problems, the visualization of these patterns is achieved by placing the inspected sample inside
an optical instrument called a polariscope, which serves to modify the polarization state of the
light traveling through the sample. Figure 1 shows a circular polariscope, which consists of two
linear polarizers, two quarter-wave retarders, an illumination source and a camera. The

birefringent model is in the middle of the optical elements of the polariscope.

Figure 1. Detail of a circular polariscope.
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In Figure 1, the parameters refer to the angles of the relative orientations of the linear polarizers
and quarter-wave retarders, respectively. This polariscope is said to be circular because the
light emerging from the illumination source, before hitting the model, is circularly polarized by

effects of the linear polarizer | and the quarter-wave retarder I.

In experimental studies of photoelasticity, the set of images to calculate a stress field can be
obtained by: (1.) varying the optical configurations of the polariscope used; (2.) varying the load
applied to the model; or (3.) varying the wavelength of the polariscope illumination source. In

computational studies, steps (1.), (2.) and (3.) can be simulated, as shown in this paper.

From the set of fringe pattern images, a wrapped phase delay map is obtained, which requires
additional processing to achieve a continuous phase, or unwrapped phase, delay map. Among
the approaches to compute the wrapped phase map, two stand out: phase-variant fringe shift

and load-variant fringe shift.

The first approach is called Phase Shifting - PS-, and generally refers to a family of methods
that process collections of images with fringe shifts produced by small changes in the optical
configurations of the polariscope: rotations of its optical elements. One PS method that has
been shown to be very effective is the method of Wang and Patterson [15], which uses six
optical configurations of a circular polariscope to produce an equal number of images with fringe
patterns. Several studies have documented the effectiveness of Wang and Patterson’'s method
[15] in stress field recovery. However, its implementation is not without problems, because in
four of the six images required by the method, there is interaction between the isoclinic and

isochromatic parameters. Additionally, the implementation of this method produces areas of



inconsistencies and ambiguities, which must be resolved before the wrapped phase map is
calculated. In practical implementations, it has been documented that the polariscope
configurations required by this method are a source of problems in photoelasticity studies, since

even small misalignments produce errors in the subsequent reconstruction of the stress field.

In this paper, the second approach to calculate wrapped phase maps is considered: load
stepping. Hereatfter, the acronym LS will be used to refer to this method, since in English it is
called Load Stepping. This method differs from PS in that the collection of images with fringe
shifts is achieved by inducing small variations to the reference load P applied to the model.
Equations (9) to (14) are the analytical expressions for calculating the six images required by
the LS method. A feature of this method is that all the required images are obtained with only
two polariscope configurations. In experimental problems, this feature allows to reduce the

amount of processing required to obtain the wrapped phase delay map.
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In equations (9) to (14), +46 refers to a phase delay, which results by producing a variation in
the charge AP. Table 1 shows the polariscope configurations required to obtain the images 11,

.. 16.

Table 1. Intensity equations and rotations of the optical elements in a circular polariscope, for

the LS method of Ekman and Nurse [13]. These rotation angles are shown graphically in

Figure 1.

Equation p 14 ¢ B
I 90 45 45 90
12 90 45 45 0
I3 90 45 45 90
I4 90 45 45 0
I5 90 45 45 90
I6 90 45 45 0

Source: own.

From the intensity images calculated with Equations (9) to (14), the LS method provides a
strategy to calculate a wrapped phase delay map. This strategy is achieved by applying

Equations (15), (16), (17) and (18).

11-12

ID1 = (15)
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In this work, discontinuous phase maps are unwrapped using the method of Ghiglia and

Romero [16].

2.2. Thermoelastic stress analysis

Themoelastic Stress Analysis (TSA) is a non-invasive technique for quantifying temperature
changes in materials subjected to cyclic loading. It has been documented that in orthotropic
and homogeneous materials, there is a linear relationship between temperature changes and
the difference of the sum of the rectangular stresses. This relationship is described by

Equation (19).

AT = —K * A(oyy + 0yy) (19)

In Equation (19), the term K is called the thermoelastic constant of the material, which in turn

is expressed by Equation (20), where is the density of the material, is the specific heat and is



the linear coefficient of thermal expansion. The result of applying the thermoelastic effect
computationally is a digital image that is in fact a thermogram: an image with a temperature

field that, in practice, can be acquired with a thermographic camera.

Experimentally, a TSA study requires that the load variations applied to the sample under
inspection be made at a sufficiently fast rate, so that the temperature increases are not
dissipated in the sample geometry; i.e., that the experiments be made under an adiabatic

condition.

In this paper, it is assumed that the computational experiments comply with the adiabatic
condition, so that the thermal field of the considered model can be calculated. But, in addition,
it is assumed that the load variations conform to those required by an LS experiment. Under
these assumptions, the thermal and stress field of the model could be calculated with a single

integration experiment.

3. Materials and Methods
The experimentation presented in this paper is based on the generation of a set of color images
I1 ... 16, as used by the LS method of Ekman and Nurse [13]. An example set of images is

shown in Figure 2.



Figure 2. Example of images with fringe shifts, as used by the LS algorithm.
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The six images are divided into three pairs, for which the charge applied to the sample is the
same. Each pair includes one image in brightfield polariscope configuration and one in darkfield

configuration.

Given a set of computational color images as in Figure 2, the method of Ekman and Nurse [13]
is applied on the three color components R, G and B, resulting in three wrapped phase maps.
After applying the method of Ghiglia and Romero [16], three unwrapped phase maps are arrived

at, as shown in Figure 3.



Figure 3. Phase delay maps and temperature map, for a reference load P, from the set of

images for an experiment with the Ekman and Nurse method [13].
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The theoretical basis for integrating LS, a photoelasticity technique, with thermoelasticity lies in
the following fact: the charge difference between the steps (P + AP) and (P - AP), can be used

to produce a temperature signal using the thermoelastic effect of Equation (19).

Figure 3 shows that from |1 an analytical map of phase delays can be calculated. Likewise, with
images I3 and I5 a map of temperature increments AT can be obtained, using the thermoelastic
effect. In summary, Figure 3 indicates that theoretically, the set of computational images
required in an LS experiment can also be used to obtain a TSA signal. The techniques that

apply to each subset of the images I1 - 16 are enclosed by the dashed line.



In a practical experiment, the integration would demand that the change between the loading
steps (P + AP) and (P - AP) be made fast enough to guarantee the adiabatic condition, and

simultaneously allow the stress field for the reference load P to be reconstructed.

3.1. Computational integration experiment.

To generate the images required by the LS method, three loads are required: a reference load
P, and two load steps P + AP and P - AP. In this paper, a general experiment is considered,
where the set of images is generated for fifty reference load values P. For each of these P
values, (a) the stress field using the LS method and (b) the temperature field using the
thermoelastic effect are calculated. The fifty P values are linearly distributed between 1 and
2500N. Regarding how the loading steps occur, there are two variants of this general

experiment.

In the first variant, the increment AP is equal to 10% of the reference value P. This means that
for each reference load the steps P + 0.1*P and P - 0.1*P are calculated, and then the stress
and temperature field is calculated. This variant aims at stress field recovery using the LS
method. The six images are processed to obtain three unwrapped phase maps, as shown
graphically in Figure 3; one for each color channel. Each map is compared with the analytical
phase retardation map obtained for P. In parallel, the average and maximum temperature

values achieved in the thermoelasticity experiment are recorded.

In the second variant of the general experiment, the same percentage of 10% is used to
produce the step P + AP. However, the P - AP step is replaced by a charge equal to zero

Newtons. This experimental variant aims more towards the generation of the TSA signal. In



practice, such an experiment can be achieved by applying impact loads, as shown in the work

of Vergara and colleagues [17].

Since the TSA signal is obtained from an applied load difference, the change by zero Newtons

instead of P - AP, induces a larger stress difference when applying the thermoelastic effect.

3.2. Segmentation of the high stress concentration zone

The unwrapped phase retardation and temperature maps are analyzed only in the zone of the
disk that experiences a high stress concentration. To define this zone, an additional simulation
is carried out, where a PMMA disk is subjected to diametral compression with a load of 3500
N. Then, the zones within the disk where the difference of the principal stresses is equal or
greater than 56 MPa, which corresponds to 80% of the yield stress reported for PMMA, are
detected. These zones of high stress concentration are shown in white in the image of Figure
4. Since there are two zones where the stress information is exactly the same, it was decided
to work only with the upper zone.

Figure 4. In white, the areas with the highest stress concentration for a PMMA disc under

diametral compression.
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In digital photoelasticity studies, it has been documented that areas where the fringe
concentration is very high, the stress concentration is also very high. A very high closeness
between fringes makes them indistinguishable, and the region looks uniform, even though it
experiences high stresses. It has also been documented that in these zones where the fringe
patterns are indistinguishable, the algorithms for calculating the stress field have performance

problems.

3.3. Scope of the Integration Strategy
The integrated computational approach provides two outputs for each reference load P. The
first is a set of three phase delay maps, one for each color channel. The second output is a

temperature map.

To analyze the effect of the reference load P and of the loading steps on the ability to reconstruct
the stress field, the differences between the phase delay maps obtained via LS and the
analytical maps are analyzed. For this purpose, Mean Square Error (MSE) and structural
similarity values are calculated between each of these three maps and the respective analytical
map. The structural similarity values are calculated using the Structural Similarity Index (SSIM)

proposed by Wang and colleagues [18].

Separately, for each load value P, the average and maximum temperature values in the region
under consideration are measured. When plotting these temperature values, they are plotted

against the applied load difference, and not against the reference load P.



4. Results

4.1. Analysis of the digital photoelasticity experiment

Figure 5 shows the mean square error values that would be achieved in the two variants of the
overall experiment. A first result is that variant 2 causes larger differences between the
analytical and LS unwrapped phase delay maps. The importance of this result lies in the fact
that the second variant of the general experiment produces higher temperatures, so they would
be detected with less difficulty with the considered thermal imager. However, the higher
temperature values would be obtained at the expense of a higher error in the stress field
reconstruction.

Figure 5. The left and right graphs show, in this order, the mean squared error -MSE- values

for load variations in variants 1 and 2 of the general experiment.
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A second result is that the error in the unwrapped phase maps varies with color channel. This
can be explained as a consequence of the stress-optical law, since the modulation of fringe
patterns is an inverse function of wavelength. According to this law, higher fringe densities and

hence higher modulation are expected for the blue channel. The plots in Figure 6 show the



measured structural similarity values between the analytical stress maps and those obtained

by LS.

Figure 6. From left to right, structural similarity index -SSIM- values for load variations in

variants 1 and 2 of the general experiment.
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When comparing the SSIM values achieved with variants 1 and 2, it is observed that the
increase in load difference produces a considerable decrease in the structural similarity index.
This result indicates that higher applied load differences affect the reconstruction of the stress
field using LS. To explain the results in the plots in Figure 6, the results are analyzed for the

case where the reference load P = 2500N, in the two variants of the general integration

experiment.

Initially, Figure 7 shows the intensity images for variant 1, which is when the load steps are

equal to 10% of the reference load P. By applying the LS method to these color images, the

phase delay maps shown in Figure 8 are obtained.



Figure 7. Color intensity images for variant 1 of the general experiment.
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Figure 8. Representation of analytical phase delay map and unwrapped phase delay maps for

23
20
15
10
5
0

0LS—B

each color channel for variant 1 of the overall experiment.

1500
400
300
200
100
0

analltzco

Source: own



Additionally, the unwrapped phase delay maps in Figure 8 indicate that the maximum fringe

orders achieved per color channel are far from those obtained with the analytical delay map.
The results for variant 2 are shown in Figures 9 and 10. The intensity images for this second
case are shown in Figure 9. There, one particularity is observed and that is that the images for

the P - AP loading step do not have fringe patterns.

Figure 9. Color intensity images for variant 2 of the general experiment.
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The unwrapped phase delay maps obtained with the images in Figure 9 are shown in Figure
10. The most important information in these maps is the appearance of negative fringe orders.
Additionally, the fringe orders in these maps are lower than those obtained with variant 1. This

result reaffirms the idea that, increasing the stress difference to achieve higher temperature



values in the integration experiment would negatively affect the ability to reconstruct the stress
field of the birefringent model under loading.
Figure 10. Representation of analytical phase delay map and unwrapped phase delay maps

for each color channel for variant 2 of the general experiment.
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4.2. Analysis of the thermoelasticity experiment
Figure 11 shows the average and maximum temperature values that would be obtained for the
two variants of the general experiment.
Figure 11. From left to right, mean and maximum temperature values, for load variations

according to experiments 1 and 2, respectively.
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The magenta horizontal line in both graphs is the thermal sensitivity value of a FLIR A65
camera, which is used as a reference. This parameter is called Noise Equivalent Temperature
Difference, or NETD, and refers to the minimum difference in temperature values that the
camera can detect. The importance of NETD in this graph is as follows: temperature values
below the NTED value represent noise, and the camera will not register them as significant
temperature values in a thermal image. The right graph indicates that increasing the load
difference applied to the model has a significant impact on the maximum values that would be
achieved in the TSA experiment.

Variant 1 of the general experiment would produce average temperature values that would be
below the sensitivity threshold of the chamber. This, even in the disk area where very high
stress and temperature levels are expected due to its proximity to the load application point.
With variant 2, average temperatures above the sensitivity of the chamber would be reached
for applied load differences close to 400N. Maximum temperatures would be above this

threshold.

These results indicate that, for thermographic analysis, both experiments will produce
temperature values that would be recorded by the thermographic camera under consideration.
However, there would be fewer difficulties with variant 2, because the temperatures achieved

would be higher.

5. Conclusions
This paper presented the results of a computational study, which aimed at the integration of

digital photoelasticity and thermoelastic stress analysis. The integration consisted of



implementing the method of fringe displacements by load variation, under the assumption that
the load jumps are applied with sufficient velocity to generate an adiabatic condition.

As a general conclusion of the computational experiments, it is theoretically possible to obtain
the stress and temperature fields of a birefringent model under load from a single experiment
where variable load is applied.

However, this integration experiment would have the following limitations: if the loading steps
are small, as recommended in LS experiments, then the temperature values obtained by TSA
would also be very small, which would make the analyses difficult from the thermoelastic point
of view. It is possible to increase the applied load differences, to produce higher temperature
values. However, if the load displacements are too large then they will affect the stress field
reconstruction that would be achieved with the LS technique.

As future work, it will be necessary to develop a methodology to determine the optimal loading
steps to achieve stress field reconstruction while achieving the highest possible temperature

rise.
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