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Semi-leptonic decays of  a particle to three bodies
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Decaimiento semi-leptónico de una partícula a tres cuerpos
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Is presented the dynamics and kinematics of  the semi-leptonic decays         

calculating the decay width and the fraction of  decay for each process using 
spectator model. The results are compared with the experimental data of  the 
table particle data group, which show that the model prediction for this type of  
decay can be considered as a first approximation. This type of  analysis is 
particularly important because it allows one hand, introduce to the beginner 
students to the study of  particle physics and on the other gives the possibility 
to use strategies to address topics modern in physics courses at university 
level.                   

                                                                                      with interaction

ABSTRACT

RESUMEN: 

calculando el ancho de decaimiento y la fracción de decaimiento para cada proceso 
haciendo uso del modelo espectador. Los resultados obtenidos son comparados 
con los datos experimentales de la tabla Particle Data Group, mostrando que la 
predicción del modelo para este tipo de decaimientos puede ser considerado como 
una primera aproximación. Este tipo de análisis adquiere especial importancia ya 
que permite, por un lado, introducir a los estudiantes en el análisis de los 
decaimientos de partículas y por otro, da la posibilidad de utilizar estrategias para 
abordar tópicos modernos en cursos de física a nivel universitario.  

                                                                                             con interacción 
Se expone la dinámica y cinemática de los decaimientos semi-leptónicos
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Figure 1. Grouping modes for a process of  decay of  a 
particle to three bodies [3]. 

The organization of  particles for a decay process when 
you have a set of  particles in the final state, is called N
the decay channel. The decay channel is characterized 
by the number and nature of  particles in which the 
system can be grouped regardless of  the quantum 
mechanical state of  each particle or the state of  motion 
of  each particle relative to the others [2]. 

Particles sensitive to strong and weak force are called 
hadrons. The arrangement of  quarks for the formation 
of  a hadron can be in two ways; in trios of  quarks        or 
in quark-antiquark pairs        The combination of  triads 
of  quarks gives rise to heavy particles called baryons. 
The combination in quark-antiquark pairs        results 
in light particles called mesons. The quarks have an 
intrinsic property called flavor. The different flavor 
combinations of  quarks explain the existence of  
different kinds of  hadrons [1]. In addition, to carry out 
the different combinations of  the quarks-antiquarks it is 
necessary that they have fractional electric charge of  
the electric charge of  the electron. 

When you have a system made up of  four particles, the 
organization of  the channels is carried out in the 
following way: A    a + b +c channel  0;  A     (a + b) + c  
channel  1;  A      a + (b + c)  channel  2, where the set 
(a + b) y/o (b + c) form a state [3]. Figure 1 shows the 
possible forms of  grouping of  particles for a given 
decay process, 

1.    Introduction

2.    Spectator model

Figure 2. Semi-leptonic decay          , being      the 
initial meson       the outgoing meson     , the loaded 

lepton                ,         the corresponding antineutrino 
and  the intermediate particle [4]. +W  

One of  the first models proposed for the explanation of  
semi-leptonic decays is the spectator model [4]. In this 
model, the constituents of  the meson are considered, 
the quarks, linked and non-interacting, in addition, one 
of  them is  considered active,  which decays 
independently of  his partner as shown in Figure 2

When you have a decay in which particles       are part, 
being the number of   particles, the number of  n
independent invariant Lorentz variables that 
characterize the kinematic state of  the particles is equal 
to     [2]. These variables allow describing the 
kinematic characteristics of  the initial and final state of  
the particles without considering the dynamic processes 
that are carried out in the interaction process. The 
kinematic variables are related to the laws of  
conservation of  energy and momentum and are always 
valid regardless of  the nature of  the particles. In this 
article, an analysis is made on the dynamics and 
kinematics of  the semi-leptonic decay of  a particle with 
three bodies with weak interaction, making use of  the 

spectator model as the first approximation in the 
explanation to this class of  decay. 

When the mesón  change of  flavor is emitted mesón (a)

(b). The flavor change of  the active quark of  the inn  it 
is due to the action of  the weak force that manifests 
itself  through the change of  identity, the flavor, of  the 
linked quarks. The quark of  the meson incoming  
transforms into another quark of  the meson outgoing 

(b) and the excess energy of  the process is carried by 

the intermediate particle ( ), that decays in a lepton +
W

with its corresponding antineutrino . The decaying (in )i
active quark is considered as being isolated from its 
antiquark partner. Although strong force is present in 
the process it cannot change the flavor of  quarks [4], 
[5].

The main characteristic of  the model of  the spectator 
quark, is to consider the mesons constituted by a heavy 
quark of  a flavor and with the same order of  average life 
time [4]. Making use of  this model, the semi-leptonic 
decay                                          It can be analyzed as follows: 
the quark  of  the meson   changes its flavor by 0(c) (D )
transforming into a quark  giving rise to meson  as -(d) (p)
illustrated in Figure 3.

Figure 3. The quark  changes flavor to a quark . (c) (d)

The meson  becomes to meson . Source: own.0 -(D ) p
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In the processes of  semi-leptonic decay to three bodies, 
leptons and mesons appear in the final state. In these 
decays, the energy of  the system is distributed equally 
in the phase space, giving rise to different percentages 
of  decay. In addition, it is important to note that quarks 
are grouped in pairs giving rise to three classes of  
families. Transitions between quarks of  the same family 
are more likely to occur than those carried out in 
different families. Therefore, some semi-leptonic decay 
processes will have a higher probability of  occurrence 
than others, since transitions between quarks between 
the same family are more likely than transitions 
between different families.

where  is the quadric-moment of  the mass particle (p )i  
(m )i  with total energy

3.     Decay width and phase space

The decay width of  a given process is defined by two 
terms that are the Feynman amplitude (M) and the 
phase space [22]. The Feynman amplitude describes 
and possesses all the dynamic information of  the 
process, which can be calculated using the Feynman 
diagrams and rules for the corresponding interaction 
[22], [23]. The phase space contains all the kinematic 
information of  the process, which depends on the mass, 
energy and momentum of  the particles involved in the 
interaction [23]. Therefore, the decay width for a given 
process is defined as [22]:

The elements of  the Cabibbo-Kobayashi-Maskawa 
matrix (CKM) [7], characterize the transition 
probability of  the quarks between the different families, 
that is, the transition probability of  a quark (q) from one 
meson, to another quark (q) of  another meson is 
characterized by one of  the elements of  the matrix ( 
CKM) based on the electroweak theory framework [8], 
[9], [10]. The experimental data for each element of  
the Cabibbo-Kobayashi-Maskawa matrix are [7]:

[20], [21].

The decay width of  a particle to N particles can be 
expressed as follows [22],The Cabibbo-Kobayashi-Maskawa matrix is also 

parameterized from the three mixing angles and the 
phase that violates conjugation-loading (CP) [11], 
[12], [13]. These parameters are fundamental for the 
explanation of  the processes between particles, so their 
determination is very important and in general they are 
obtained considering different semi-leptonic decay 
processes. The determination of  the element (Vud)  is 
carried out from the study of  beta decay, however, more 

precise measurements have been made from the 
neutron's lifetime [14]. On the other hand, with the 
experiment PIBETA [15] in which the decay 
measurement has been improved  you get a + - +( e ve)p    p

better value of  the item (V ). The determination of  the ᵘᵈ
value of  ( ) is performed by comparing the different Vus

semi-leptonic decay modes of  the Kaon, obtaining a 

value of|V |= [16]. From the semi-ᵘᵈ  0.2237±0.0009 
leptonic decays (       ) the value of  the element  is Vcd

obtained,|V |= [17][18].ᵘᵈ 0.220 ± 0.005  The 
determination of  the element (Vcs) is obtained from 
semi-leptonic decays (        ) and leptonic decays 
obtaining the value of  |Vcs|=0.995 ±0.016   [17]. The 
value of  the element (Vcb) is obtained by determining 
the semi-leptonic decays (            ) [19], giving a value 

-3of  |Vcb|=(42.2  ± 0.8) ×10 . The determination of  ( ) Vub

It is done through semi-leptonic decay (          ), 
although it is difficult to measure since there is a great 
noise in its determination [17], [19]. To find the value 
of  the elements ( ) y ( ) Its determination is made V Vtd ts

from oscillations (     ) [17]. Finally, the measure of  the 
value of  the element ( )  is done by calculating the Vtb

decay fraction defined as: where,     (                       )

When the quark  of  the meson  change of  flavor is  0c D
issued meson and the excess energy of  the process is  

-p

carried by the intermediate particle . This particle +W
then decays into a lepton with its corresponding 
neutrino. The predictions of  the spectator model for 
semi-leptonic decay processes with weak interaction 
can be considered as a first approximation to this class 
of  decays. However, since the viewer model does not 
consider the linked states in which the quarks are 
located, this leads to a limitation of  the model. Models 
that consider the linked states of  quarks can be obtained 
in the literature as is the article by Nathan Isgur and 
Daryl Scora (Semi leptonic B and D decays in the quark 
model [6], in which the equation of  a state is shown 
bound with a binding potential for strong interaction, 
obtaining more accurate results with respect to the 
experimental data.
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Taking the square of  the absolute value of  the Feynman 
amplitude and replacing the spinorial products by the 
projection operators [9], [10], [22],

Using the electroweak model [4], [5] and assuming 
that the hadron decays independently of  the other 
constituents of  meson [4], Feynman's breadth of  the 
process is given by [4], [22]:

However, when you have many particles in the final 
state, the phase space can be reduced to subsets of  
particles where the choice of  fractionation depends on 
the convenience and interest you want to study the 
process [22], [23]. The Dirac delta function indicates 
the law of  conservation of  the energy and momentum 
of  the particles during the interaction.

The phase space for (i) particles in the final state is 
written in general as [22]:

4.     Decay to three bodies 

A characteristic of  weak interactions is the violation of  
parity [9], which means that we acted only on the left 
sides of  the weak current. This fact leads us to consider 
the weak currents of  a left nature, being that for its 
description it is convenient to use a combination that 
specifies this behavior. The way to explain this 
procedure is to introduce the factor         which 
establishes a vectorial-axial combination              [4], 
defined as:  

Consider the decay of  a particle to three bodies with 

interaction , is to assume that they are of  the weak )(AV-
current type. Therefore, the decay width for these 
processes is generally given by [22]:

where  are mesons constituted by a pair quark-B,Q 
antiquark                  . The term   is the leptonic pair      ,
and                  the phase space.

and the weak charged current is written as [4], 
[5],

is obtained,

with the respective energies,

Therefore, the phase space for the given process is then 
given by: 

 

Evaluating the traces of  the previous equation, the 
dynamics of  the system is given by:

On the other hand, the kinematic contribution of  the 
process is only possible if,

where  they are the masses of  the particles m  ,m  ,m  ,m  b q l v

participating in the process. The moments of  the final 
particles  from the reference frame of  the (q) y (l )
particle can be expressed as,

                                  and replacing the previous 
integral in (16), the decay width is:

Replacing the equation (9) in (15), is obtained:

Choosing a subset  formed by the union of  the X

particles  y , the phase space is given in the form [4],l ln

defining,                                             The decay width 
for the process is then given by:

The solution of  the integral is [4],

Calculating the products                     , using

 

    

(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

Mauricio Rozo-Clavijo, Carlos Germán Cortés-Hernández, Javier Alberto Olarte-Torres 217

Universidad Distrital Francisco José de Caldas



Defining,                    [4], is obtained:

The algebra can be simplified by taking , without P =0q

losing precision in the result,

The factor  that was introduced in (6) gives an Vbq

account of  the transition probability of  the quark  of  b
the meson  to quark  of  the meson  in the framework B q Q
of  the electroweak theory [9], [10]. It usually 
corresponds to an element of  the Cabibbo-Kobayashi-
Maskawa matrix which characterizes this probability 
[7].

The limits of  variation of               are:  

By replacing the limits of  variation in the last integral, 
the decay width is finally given by:

5.      Semi-leptonic decays

Semi-leptonic decays develop

with interaction  supported by the spectator model V-A 

and the previously obtained equations. Table 1 presents 
the data that will be used to calculate the decay width 
and the decay fraction of  the proposed decays [7]. 

5.1.  Decay

Table 1. Experimental data used for the decay 
processes that are calculated. Source: own.

 -1or in terms of  seconds , 

The total decay width of  the particle is,

For the decay to take place                               the quark 

c s K0of  meson change flavor to a quark  issuing meson . 
Figure 4 shows the semi-leptonic decay decay of  the 

meson :
+

D

Figure 4. The semi-leptonic decay is shown
      The constant       it is a parametrization element 

of  the Cabibbo-Kobayashi-Maskawa matrix. [4]
The decay width given by (22) is:

replacing the corresponding values in Table 1, we 
obtain:

and the fraction of  decay is,

5.2.   Decay

For the decay to take place                       the quark of  c
meson  must change flavor to a quark  issuing meson 0D s

-
K . Figure 5 shows the semi-leptonic decay of  the meson 

0
D : 

F i g u r e  5 .  S e m i - l e p t o n i c  d e c a y 
mnm+-®KD0. The circles indicate the linked states that 
make up the mesons , . The constant  it is an element 0 -D K Vcs

of  the Cabibbo-Kobayashi-Maskawa matrix. [4] 

The total decay width of  the particle is given by:

 -1or in terms of  seconds ,

The decay width is:

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)
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The total decay width of  the particle is given by:

For the decay to take place , the eeucDubBn--®),(),(0

quark  of  meson  must change flavor to a quark  -b B c
issuing meson . Figure 7 shows the semi-leptonic 

0
 D

decay of  the meson :
-

B

and the fraction of  decay is,

The decay width is:

 

 -1or in terms of  seconds ,

The decay width is: 

The total decay width of  the particle is given by:

5.5.   Decay

Figure 8. Semi-leptonic decay . The circles eeDBn--®0

indicate the linked states of  the respective meson . - 0B  y D
The constant    it is a parametrization element of  the 
Cabibbo-Kobayashi-Maskawa matrix. [4] 

 -1
or in terms of  seconds , 

and the fraction of  decay is,

 

       

and the fraction of  decay is,

5.3.   Decay

and the fraction of  decay is,

5.4.  Decay

For the decay to take place               , the quark  of  c
meson  must change flavor to a quark  issuing meson 

0
D d

-
p . Figure 6 shows the semi-leptonic decay of  the meson 

0
D :

 -1or in terms of  seconds ,

For the decay to take place , the eedcDdbBn-+®),(),(0

quark  of  meson  must change flavor to a quark  b c 0B
issuing meson . Figure 7 shows the semi-leptonic +D
decay of  the meson :0B

Figure 6. Semi-leptonic decay   . The eeDnp+-®0
constant  it is a parametrization element of  the cdV
Cabibbo-Kobayashi-Maskawa matrix. [4]

You take the fact that  in (22). Therefore, the decay P ¹0q

width for this case is given by,

The total decay width of  the particle is given by:

Figure 7. Semi-leptonic decay is indicated . eeDBn-+®0

The element  it is a parametrization constant of  the Vbc

Cabibbo-Kobayashi-Maskawa matrix. [4]

  

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

cbV

(40)

(41)

(42)

(43)

Mauricio Rozo-Clavijo, Carlos Germán Cortés-Hernández, Javier Alberto Olarte-Torres 219

Universidad Distrital Francisco José de Caldas



Table 3. A comparison is made between the spectator 
model and the experimental data given by the Particle 
Data Group table for the calculated decay processes. 

Source: own.

Introducing the values    of  the elements of  the 
Cabibbo-Kobayashi-Maskawa matrix [7] involved in 
each decay process, Table 3 is obtained.

[3] V.  I .  Gol 'dansk i i  and  V.  V.  Kuz 'min , 

“Spontaneous breaking of  mirror symmetry in 

nature and the origin of  life”, Soviet Physics 

Uspekhi, vol. 32, no. 1, 1989, pp. 1–29.

[5] C. Quigg, “Gauge Theories of  the Strong, 

Weak, and Electromagnetic Interactions”, 

Canada: Addison-Wesley, 1993. 

This paper has been made with the support of  the 
Universidad Pedagógica Nacional through the project 
DFI-307-12 of  research Center CIUP.  

On the other hand, the processes of  decay     

6.   Results

Table 2 presents the theoretical calculations of  the 
decays using the spectator model, which are compared 
with the experimental data obtained from the table 
Particle Data Group [7]

It is important to note that quarks are grouped in pairs 
giving rise to three classes of  families. It can be seen 
from the elements of  the Cabibbo-Kobayashi-Maskawa 

matrix [7], that transitions between quarks  of  q®q’
the same family are more likely to occur than those 
carried out in different families. Therefore, the 
processes of  decay                                                where 

the constant , are more likely to occur than decay V  »1cs

processes                                                          where the 
constants                   ,since for the last transitions the 
quarks must decay in different families. 

Table 2. The table indicates the fractions of  decays 
calculated using the spectator model. The obtained 

data are compared with the experimental data. Source: 
own.
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they require the same taste change       indicating that 
the decay width predicted by the spectator model is the 

same for the particles . However, when the decay D D0 +,
fraction is calculated for both processes, it differs 
because the half-lives of  the particles are different. In 
the same way it happens for the processes           which 

require the taste change  with the same decay width b®c
but with a different decay fraction. 
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