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A historical development of the harmonic series subseries that are convergent
ismade. Itis well known that this series diverges, the series of Kempner (1914)
and Irwin (1916) which are obtained by removing from the harmonic series a
certain amount of numbers containing the digit 9, since that, several authors
have analyzed the variations of this idea, determining the convergence of
similar sub-sums of the harmonic series and calculating or estimating the
sums when they are convergent, until Lubeck and Ponomarenko (2018) obtain
aresult that characterizes the converging subsums of the harmonic series.

RESUMEN

Se hace un recorrido histérico de las subseries de la serie arménica que son
convergentes, ya que es bien conocido que esté serie diverge, se presentan las
series de Kempner (1914) e Irwin (1916) que se obtienen eliminando de la serie
armoénica una cierta cantidad de ntimeros naturales que contengan el digito 9,
desde entonces, varios autores han analizado las variaciones de esta idea,
determinando la convergencia de subsumas similares de las series armoénicas y
calculando o estimando las sumas cuando son convergentes, hasta que Lubeck
y Ponomarenko (2018) obtienen un resultado que caracteriza las subseries
convergentes de la serie armoénica
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1. Introduction

We do an historical review of subseries of the harmonic
series, beginning with Kempner paper in 1914 [67,
where the author made a proof of the series obtained
avoiding every term which contain the digit nine in the
harmonic series, this new series has a different
behaviour contrary to the tendency of the harmonic
series, because it results a convergent series, even better
its sum is less than 90. Two years later Irwing in 1916
(57 generalized the Kempner's results and prove the
convergence of subseries obtained from harmonic
series, erasing any other digit a fixed number of times
and bound Kempner's series in a more precise way.
Several years after, FFarhi in [47] studied the
convergence and the sum of series where its
denominators contains exactly n times a digit d. Then
Baille in [17] and [8] generalized the Kempner series
after vanishing of the harmonic series terms whose
contain any fixed chain of digits and he obtained
algorithms which allows him calculate accurately the
sum of this kind of" subseries of the harmonic seires.
Finally, Ponomarenko in 2018 [ 7] found a result which
has characterized the convergence of the convergence
of the subseries of the harmonic series.

2. Development of the topic

The harmonic series is the sum of the multiplicative
inverse of the positive integer numbers,
il—1+1+1+1+1+1+1+1+1+ L.
n 2 3 4 5 6 7 8 9 10

n=1

This name is derived from the concept of harmonics in
music: the wavelengths of the harmonics of a vibrating
wire are ;%% , etc., the fundamental wavelength of the
wire.

Each term of the series after the first term is the
harmonic measure of the neighbouring terms. The
divergence of the harmonic series was firstly proven in
the XIV century by Nicole Oresme. Other proofs were
given in the XVII century by Pietro Mengoli, Johann
Bernoulli and Jacob Bernoulli [27, [37].

Historically, the harmonic series has been subject to
much popularity between architects, particularly in the
Baroque age, when it was a tool to establish some
proportions of the floor plant, elevations and to make
some harmonic relations among the inside and outside
architectonical features of churches and palaces.

In 1737 Euler proved that the series obtained by the
harmonic series erasing some multiplicative inverse of
positive integer numbers and only taking the
multiplicative inverse of prime numbers which is

divergent [27].
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There exist some series obtained from the harmonic
series erasing some denominators which are
convergent, for example

51_ 1+1 1+1+
£42F tEtatEts
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for each b>1 the geometric series whose integer ratio is
L areconvergent

Zl—1+1+1+1+1+1++
La2k 222 28 2t s 20

Kempner series

=1
2.1.

The Kempner series is a modification of the harmonic
series, which vanishes every terms whose denominators
written in 10 basis contains at least the digit 9, i.e. the
series

Zl 1+1+1+1+1+1+1+1+ S P .
) 4°5'6 8 10 " 11 18" 20 28 ' 30 88
€N, 1

bos
where n e n,it indicates that zonly takes integers positive
values whose expression in the decimal basis doesn't
contain any 9. This series was studied by A.J. Kempner
in 1914 [67].

This series is interesting, because contrary to the
harmonic series and against to the intuition (due to
apparently it is erasing a little bit of denominators of
positive integer numbers), it is a convergent series, even
better Kempner proved that the sumis less than 90.

2.2. Kempner's Proof

Zl (1+1+1+1+1+1+1+1)+(1+1+ +1)
£ n 2 3 4 5 6 7 8 10 1 88
NENg
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Note that the the biggest fraction inayis the first term
and that = contains less than terms, so that a, <
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[rwin in 1916 [5] proved that erasing terms in the
harmonic series whose denominators contains the digit
9 a times and at the same time the digit 8 at least b times
and so successively, the digit O at least j times (where
a,be,def,,hi) are given greater integer numbers or
equals to zero), so this series is convergent, in order to
make the proof, several combinatorial arguments were
used. Also, he improves the bounded of the Kempner
series sum, due to was proved that
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Historical development of subseries of the harmonic series

A.D.Wadhwain 1978 [97 considers the sequence s, =%
where nhas exactly fzeros. He shown that s is astrictly
decreasing sequence and that Sx>19,28, forall £> 0.
Baillie in 1978 [17] obtains a result of the Kempner
series with a precision of twenty decimals. The result
of the convergence of the series is 22.92067 66192
64150 34816, which is the numbered sequence A082838
in the webpage The on-line encyclopedia of integer
sequences OEIS.

Schmelzer and Baillie [87] proved that the subseries of
the harmonic series obtained vanishing the
denominators which contains a fixed chain X of digits,
converge and also they built a more efficient algorithm
in order to obtain the calculus of the sum of this series.
For instance, the sum of ¥ for all » which don't
contain the chain "42" in its decimal writing is
228.44630 41592 30813 25415. Other example, a Little
bit complicate it is found when we calculate the sum
for all » which don't contain the chain "814159" is
2302582.33386 37826 07892 02376 (Every numeric
values given before are rounded to its last decimal digit).
We can use exactly the same argument with any other
omitted digit and the result remains true if some
summands are vanished which contains the chain of £
digits in its decimal expression. For example, in the case
in which we omitted every term whose denominators
contains the chain "42". This result can be proven
almost in the same way. Firstly, we take into account
that working with numbers on base10 instead of the
usual base which is 10. In this new base, each set of k
digits of the expression on base 10 represent an only
digit on the base 10", for this reason the chain of
characters to substract is given by an unique “digit” in
the base used. Adapting the proof given before in the
base 10 to the base 10" it is proved that this series also
converge. Getting back to the base 10 we see that this
series contains all the denominators which are omitted
for any given chain of characters, just as denominators
which include such chain if this is not represented by a
“k-digit” in a base 10" For example, if we vanish the
terms with a “42”, in base 100 it is possible to omit the
terms 4217 and 1742, but cannot omit the term 7421.
Therefore, the value of this series always is more than
the series in which we omit all the denominators with a

“« >

42",
FFarhi [47] studies the generalized Kempner series. In
particular, he studies the series whose denominators of
positive integers which exactly has z times a digit, for
example, the series whose denominators exactly
contain anumber nine:

1 1 1 1 1 1+1+1+1+
59 69 79 89

9tTot9t39t a9

1 1
[T

1
Tt 109 T 119 189

o1ttt

%+

He consider the generalized Kempner series, as the
sums s (d, n) of the denominators of positive integers
which contain exactly n times the digit 4 where 0>d>9
(such a way the original Kempner series is s (9,0)) He
proved for each 4, the family of sequences s (d,n), for
n>1 is decreasing and converge to 10In10. It is
interesting that the sequence is no decreasing when it
starts in n=0; for instance, for instance, for the original
Kempner series we have that:

5(9,0) ~ 22.921 < 23.026 ~ 10In 10 < S(9,n) paran > 1

The Kempner series 59,00 converge slowly. Baillie [17]
proved that, if itis summed 107 terms, the error is even
greater than 1.

In 1978 Baillie [17] published an efficient method to
calculate the ten sums which are built when it is erased
those terms which contain the digits &, with 0>d>9,
The sum in the case d=9 is approximately 22.92067. But
the sum of every terms with denominators 10* still
differs from the last sum more than 1.

Then in 2008 Baillie [87 developed a recursive method
which allows to write the contribution of each block of
k+1 digits as a function of the distributions of block of
k digits for any choice of omitted digits. So that the
calculus is even faster and it is used to compute sums
whose denominators vanish chains of two or more
digits and also sums of 4 where s cannot contain odd
digits, even digits, chains as "42" o "814159" or even
combinations of such restrictions.

The convergence of this subseries were analised by
Ponomarenko in 2018 [7], where he found a
characterizations of the convergent subseries of the
harmonic series. So that he defined that a subset Afrom N
isr-convergentif the series Tnear converges.

Let x be inrdefine A(x) = |{a € 4:a < x}| the cardinal of z. A
measure commonly used of 4 is the asintotic density,

which is defined as.

- AK)
A=

The mean results is that, if d(4) = 0, then

1 (4
E _zjﬂdx
ag X
agz1l 1

[}

In particular, 4is r-convergentif and only if f; @dx
converges. He also generalized the results according to
the convergence of Kempner series as follow:1f2 € [0.1] it
is denote
A* = {n € N: (#9 enn) < A(# digits inn)}

The special case 4%s included and has a correspondence
with the original Kempner series, 4'is the harmonic
series.
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In addition, he proved that 4* r-convergentis and only
ita< % and the result generalizes it for any other digit

dinstead of 9.
3. Conclusions

Although the harmonic series diverges, it is impressive
that there exist alot of subseries of the harmonic series
such that they are convergent when we vanish some
terms with some particular features, for instance, the
Kempner series, which erases all the elements of the
series that contains at least anine as a digit.

It is amazing how a particular topic generates a big
amount of papers for mathematicians in 100 years

It is interesting how to see that every papers starts to
generalize previous results; in such a way the topic has a
historical development through the Kempner ideas in
1914 which has motivated until 2018 the
characterization of convergent subseries from the
harmonic series.

On each paper, there are exposed some open problems
which are related to the calculus of this kind of sums
and with the implementation of successful algorithms
to compute the sum of subseries.
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